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Abstract— An equitable coloring of a graph is an
assignment of colors to the vertices of the graph, in such a way
that no two adjacent vertices have the same color and the
number of vertices in any two color classes differ by at most one.
Sudha gave the construction of the following graphs:

(i) Sudha gird of diamonds Sz (m.n),
(ii) Sudha gird of hexagons 5 (.7} and
(iii) Sudha graph 5(n,m).

In this paper, we have discussed the equitable coloring of the
Sudha gird of diamonds, Sudha gird of hexagons and Sudha
graph.
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l. INTRODUCTION

Mayer [1] introduced the equitable coloring of
graphs, Hanna et. al. [2, 3, 4] have discussed about the
complexity of equitable vertex coloring of graphs, equitable
coloring of some graph products, corona product of graphs
and cubic graphs. Hanna [5] also elaborately discussed about
the equitable coloring of corona mutiproducts of graphs.
Sudha et. al. [6] have discussed about the equitable coloring of
prisms and the generalized Petersen graphs. Lih et. al. [7]
found the equitable coloring of trees. Dorothee [8] gave the
equitable coloring of complete multipartite graph. Sudha et. al.
[9] introduced the Sudha graph 5({n.m} and found the total

coloring of 5{n.m} graph.

In this paper, we have discussed the equitable
coloring of the Sudha gird of diamonds 5; (.=}, Sudha gird

of hexagons 5;(m.n} and 5(n.,m) graphs. Moreover, we
found that the equitable chromatic number of 5;(m.n} is
either 2 or 3, the equitable chromatic number of 53 (i n) is 2
and the equitable chromatic number of 5{xz, 1) is either 3 or 4.

Definition 1.1. Vertex coloring is the coloring of the vertices
of the graph with the minimum number of colors so that no
two adjacent vertices have the same color.
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Definition 1.2. The set of vertices having the same color in the
vertex coloring of a graph are said to be in that color class.

In k-coloring of a graph, there are k color classes. The color
classes are represented by C[1].C[2]. ... if 1.2,... represent the
colors.

Definition 1.3. A graph G is said to be equitable k-colorable if
its vertex set V can be partitioned into k disjoint subsets

¥ .V, ...V, satisfy the condition |IV;| — |1rJ.’-| =1 for all
1<i<k1<j=<k.

The smallest integer k for which G is equitable k-
coloring is known as the equitable chromatic number of G and
is denoted by x_0G.

Definition 1.4. Sudha grid of diamonds 5;(m.mn} is an
induced subgraph of the tensor product of two paths F;, with
the vertices uy. g, Uz, ...y for odd m = 3 and £, with the
vertices ¥y, ¥z, ¥z, .. . 13, fOr odd n = 3 with the vertex set

V(5:0mm) =
{ ,r'r gither i = 1 (mod 2) and j = 0 (mod 2) }
Mty ori =0 (mod 2)and i = 1 (mod 2)
and the edge set

E(540m.m)) = {(u;v,)(uvp)/usuy € E(B,) and

vivg € E(R )}
Instead of denoting the vertices as u;v;. we denoted them as
v; ; for simplicity.

Ilustration 1.5

5205.5) is a Sudha gird of diamonds with the vertex
set  {Viz Vy4 Vo4 Vyg. Vs Vi Vag Vag Vaa Va5 Vs Vsl
as shown in figure 1.
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Vs, 2> Vs.a
Figure 1

Definition 1.6. Sudha grid of hexagons 5 (#, n} is an induced
subgraph of the strong product of two paths F, with the
vertices iy, iig, Uz, .Uy for odd m = 3 and £, with the
vertices v, vz, vz, .. 1, forn = 0 {mod 4) with the vertex set
V(54 0m.n) = fuw/ i+ j = 1 Gmod 2)
and i +j= 0(med 2)}
and the edge set
E(Sabmn)) = {(urvy)uevy)/usnt x € E(Pr)
and vy, € E(F,)}.

Illustration 1.7

5:(8.7) is a Sudha gird of hexagons graph with the
vertex set {V1z. V4 Vyge V2,00 Va2 V2,5 V2,7 Va0 Va2 Va5 Ve
Va2 Va4 Va6 V520 V500 V560 Ve 10 Ve Vo5 Ve, 70 Vr 0o Prae Vrse

V7 7.¥g 2. Ve 4. Vg s+ @S Shown in figure 2.

Definition 1.8. Sudha graph denoted by 5$(n.m.} is defined as
the graph with n vertices {v;}. 1 =i < n and the following
edgesforl =i=mn

() 1 is adjacent to v;,;and 1, is adjacent to vy
(i) w;is adjacentto vy ifi +m < n

(iii)
(iii) v; is adjacent t0 vy p_m if i +m =0,
Ilustration 1.9 (iv)
5(9.2) is a Sudha graph with the vertex set
¥y, ¥y Ve w0 o Tg @S Shown in figure 3.
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II. EQUITABLE COLORING OF SUDHA GRID
GRAPHS

Thoerem 2.1. Sudha grid of diamonds 5;{m. =} admit
equitable coloring and its chromatic number is either 2 or 3
according to lm —nl = 0 (or 2) or |m —nl = 2.

Proof. Sudha grid of diamonds 5 (. ) is the induced
subgraph of the tensor product of the path £, and the path 7,
(for odd m = 3 and odd n = 3). The vertices of 5; (. n) are
denoted by v; ;. 1 = i = n,1 =j = m as shown in figure 4.

- layer 1

- layer 2

. layer 3

52 M- ;VS,rn
&0 Aoa 2m 32 m1
— S
n-1,m
@ @ Vn-1,5 @ @
v - v v v -

n,m-3 n,m-1

Sudr'ta gird of diamonds

Tensor product B, X P,

Figure 4
There are two cases :

Case (i) : Let lm —nl = 0 or 2.

The function £ from the vertex set of 5;{m.n} to the set of
colors {1, 2} is defined as

1, i=1(mod 2)
floi;) = Iz, i = 0 (mod 2)

The vertices in odd layers are colored with 1 and the
even layers are colored with 2 satisfying the condition

leriyl = ler2ll = 1, since
() lcill=lcl2ll =
(ii) lcl1ll = "= andc[2]l = ™=

whenm =n — 2,
mn+1l

and IC[2]] = —
whenm =n + 2,
Sudha grid of diamonds 5 (. n} has equitable coloring
with this type of coloring and hence y_(Szlm.n}) =2 if
lm —nl = 0or2.

mn-1

when m = n,

M —3

(i) ichill==;

Case (ii) : Let Im —nl = 2.
There are three types depending on the value of .

The function f from the vertex set of 5;{m.n} to the set of
colors {1, 2, 3% is defined as follows :

Type (@) : Letm =1+ 6/, j =1,2,3,...

The vertices of 5;(m.n} are colored as
for i odd,j even,

3, i=2{(mod6)
flvi;)=11 i=4(nod6)
2, i=0(mod 6)
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forieven, joddand 1 = j = m,
1, i=1(mod6)
f{l:,;j-}: 2, i=3(modg),
3, i=5(mod6)
1, i=200nod 6)
flvis) = Iz 4 (mod 6)

1, i= 2,4 (mod 6)
and f (v, ) = Iz, i = 0 (mod 6)

" i

The color classes C[1].€[2] and C[3] satisfy the conditions
el = lcllll=1, 1=i=31<j=3, since

() lchll=lcl2ll=== > whenm = n,

(i) €011l = =2 and |c[2]] = =222

i"l"i" +1

whenm =n — 2,
i‘Ti‘"+l

(iii) Ic[1ll =

whenm =n + 2.

Sudha grid of diamonds 5, (m.n]) has equitable coloring
with this type of coloring and hence ;r:{.S'd{mmJ:] =2 if
lm —=nl = 0or2.

Type (b) : Letm =3+ 8/, j =1.2.3,...

The vertices of 5;(m. =) are colored as
for i odd, j even,

2, i=2{mod6)
flvi;)=11 i=4(mode6)
3, i=00(mod 6)
for £ even, j odd,
1, i=1(mod 6)
f{l:,;j-} =13, i=3(moda)
2, i=50mod 6)

The color classes C[1].€[2] and C[3] satisfy the
conditions |IC[i1] — Ir:[j]||~=i 1, 1=ix< 3 1=j=3, since
Ic[1]l = Ic[3]] =

Sudha grid of diamonds 5;(m.n} has equitable

coloring with this type of coloring and hence
1 (Salmn))=3ifm=3+6/ j=1,23...

Type (c): Letm =5+46/ j =123 ..

The vertices of 5;(m. =) are colored as
for ¢ odd, j even,

2, i=2(mod 6)
flvi;) =13 i=4(mode6)
1, i=00(mod 6)
forieven,joddand 1 = j = m,
3, i=1(mod 6)
flvi;)=11 i=30node6),
2, i=50mod 6)
3, i= 2,0(mod 6)
flors) = IL i=40mod 6)
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_ {1, i=2 (mod6)
and f(vim) = Iz, i = 4,0 (mod 6)°
The color classes C[1]. €[2] and C[3] satisfy the
conditions ||c[:]] — Ir:[j]||~=i 1 1=i=31=/=3 since

G lchll=lcl2ll="= ]| = M2

whenn =0 (mod 3).
Gi) Iclall = Icp2l = Ic[3]] = ===
whenn = 2 (mod 3).
(i) Ic[1]] = ®=2and Ic[2]] = Ic[3]] = =222

whenn = 1 (mod 3).

Sudha grid of diamonds 5 (m.n]) has equitable coloring
with this type of coloring and hence y_(Szlm.n)) =3 if
m=5+6j, j=1,23..

Therefore the equitable chromatic number of
Sa(m.n) is either 2 or 3 according to Im —nl = 0 (or 2) or
lm —nl = 2.

Ilustration 2.2.

Consider the graph 5:(7.5). Using theorem 2.1
case (i) we assign the color 1 to the vertices
V20 Ve Vo6 Voo Vage
V3 . V5 2. V540 V5 5 ANd color 2 to the vertices vz 1.7 3. ¥a 5.

Vg 7.7 1. ¥y 3. Yy 5. ¥y 7 S Shown in figure 5.

Pvs, 17Vs4
Figure 5
Here |C[1]] = 2.1€[2]] = 8 and satisfy the condition
llcr11l = Ic211] < 1. This type of coloring on Sudha gird of
diamonds 5 (7. 57 satisfy the conditions for equitable
coloring. Hence y_(5,(7.5)) = 2.

17Vs6

lustration 2.3

Consider the graph $;(13. 7). Using theorem 2.1 case (ii)
type (@) we assign the color 1 to the vertices
¥y 40 Vg0 Vg0 V70 V2 130 V3 00 Vg 000 V70 V3,130 V5 40 V5 000 Vg 10
Vg 7.1z 40 T 100 COlOF 2 t0 the vertices vy 4. vy 47, ¥2 3. Vog. Pag

Vg2 V4,1 V,3 Vs 9 Vse Vs Ve Ves Vre Y70z and color 3
to the vertices vy 1. Vg V2,5 V2,110 V2,20 Vag: Vo, 5Vs,000 V520 Vs oo
Vg 5:Vg 110 Vg 92, V7 2. V7 2 AS shown in figure 6.
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Vs Vo

Figure 6

Here IC[1]] = 15,1€[2]l = 15 and I€[3]] = 15, and
they satisfy the condition |lc[l —Ic[j]l] < 1.1 =< 3.
1= j =3, This type of coloring on Sudha gird of diamond
55(13,7) satisfy the conditions for equitable coloring. Hence
¥_(5:013.7)) = 3.

Theorem 2.4. Sudha grid of hexagons 5;(m.n) admit
equitable coloring and its chromatic number is 2.

Proof. Sudha grid of hexagons 5;(m.n} is the induced
subgraph of the strong product of the path £, and the path F,
(for odd m = 3 and n = 0 {mod 4)). The vertices of 5 {m.n)
are denoted by v;; 1=i=mnl=j=m as shown in

figure 7.

2 4 .6 V1,m 1
51 2,3 Va,s 55 Va,m-2 | v2.m
.1 5,3 V3,5 N Va,m-2 PV
/4,2 Va,a Va,e ' Va,m-1
5,2 Vs, 4 N ¥5,m-1
V6,1 6,3 V6,5 Vs, 7 Ve,m-2 | o.m
V7,‘l V7,3 V7,5 YR V7,ln 2 V],rn
¥Vs,2 8.4 g\é,s ’ TVe,m-1
3,2 -V 34 s Vo-3,6 ", -3,m-1
S2ia h-2,3 Viezis Waag Dhezime2 Vh-2,m
A 11 \G-1,3 Vo-1,5 N 0-1,m-22V 1, m
Va2 Va4 Vh,6 Vh, m-1
Figure 7

The function f from the vertex set of 5; (m.n) to the set of

colors {1, 21 is defined as
1, i
) ={r

The color classes C[1] andC[2] satisfy the condition
llcr1]l = le1271) = 1. Sudha grid of hexagons 53 (m.n) has
equitable coloring with this type of coloring and hence
1 (Splmn)y =2,

=1 (mod 2)
= 0 (mod 2)

Ilustration 2.5
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Consider the graph 5;(7.8). Using theorem 2.4, we
assign the color 1 to the vertices vy 7. 1y 4. ¥4 5. P34+ V3 3. Pa 50
and color 2 to the
Vertices ¥,1. ¥z 3. V250 V2,7 Va2 Va0 Va o Vo1e Vo 2o Ve 5 Voo

Vg z.¥g 4. Vg as shown in figure 8.

Va7 V5,2 V540 V5,6- V700 V2 V7 5. Vr 7

8,94
Figure 8

Here IC[1]] = 14.1C[2]l = 14 and they satisfy the
condition |lc[1]l—Ic[2]l] = 1. This type of coloring on
Sudha gird of hexagon 5;(7.8)} satisfy the condition for
equitable coloring. Hence ¥_(5,(7.81) = 2.

IIl. EQUITABLE COLORING OF SUDHA GRAPH

Theorem 3.1. Sudha graph 5{n. 2} admits equitable coloring
and its chromatic number is either 3 or 4 according to
n =0 (mod 3)orn £ 0 (mod 3},

Proof. Let 1,175, ¥, ... ¥n_y. 15 be the vertices of the graph
5(n. 2) and its edges are defined as follows:

forl =i=mn,
(i)
(i)
(iii)

; is adjacent to ¥; . and 13, is adjacent to vy

v;is adjacentto vy ., ifi + 2 << n

v; is adjacent to v, ,_o if i +2 =n as shown in
figure 9.

There are three cases :

The function f from the vertex set of 5(n.2) to the set of
colors {1,2,3,4% is defined as follows :

Case (i) : Letn =0 (mod 3)
The vertices of 5{n. 2] are colored as

1 (mod 3)
2 (mod 3)
0 (mod 3)

L

fled =

H
b

1.:
Z,
3.

forl=i=mn
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The color classes €I1l. €[2] and C[3] satisfy the
condition |Ic[dl—Ic[lll=11=i=3.1=;=3, since
icill = Icl2ll = Icl3ll =

Sudha graph 5{n.2} has equitable coloring with this
type of coloring and hence 2 =3 if
n =0 (mod 3).

Case (ii) : Letn be odd andn £ 0 (mod 3)

There are two types :

Type (@) : Letn =7 + 44, j = 0.1 (mod 3)
The vertices of 5{n. 2] are colored as

1, i=1(mod4)

)2, i=2(mod 4)

FOd =93 i 23 (mod 4)

4, i =0 (mod 4)
forl=i=mn

The color classes C[1l. €[2] and C[3] satisfy the

condition |Iclidl = lc[lll=1.1=i=<41=j=<4 since
n+1i n-32

lclull = Icl2ll = Ic3]l ==~ and IC[4]] = =

Sudha graph 5(=. 2} has equitable coloring with this
type of coloring and hence S22y =4 if
n=7+4. j=01(meod 3).

Type (b) : Letn =9 + 44, j = 1,2 (mod 3}

The vertices of 5{n. 2] are colored as

1, i=1(mod 4]
)2, i=2(mod 4)
FOI =93 23 (mod 4
4, i=0 (mod 4)
forl=i<<n-—4
f{vn—:t:] =2
f{“'n—!:] =3,
f{“'r!—::] =1,
f{“'r!—l:l =2
and flu,) =4,

The color classes C[1]. €[2] and C[3] satisfy the
condition |Icldl—Ic[lll=1, 1=i=41=<j=4, since

Icall = |31l = Ic 4]l =“f1 and lC12]] = 22

P

Sudha graph 5. 2} has equitable coloring with this
type of coloring and hence S22y =4 if
n=04+4j, j =12 (mod 3).

Case (iii) : Let = be even and n = 0 (mod 3
There are two types :

Type (@) : Letn =6 + 4f, j = 1,2 (mod 3)
The vertices of 5{n.2) are colored as

1, i=1(mod 4)
2, i= 2 (mod 4)
FOd =93 i 23 (mod 4
4, i =0 (mod 4)
forl <=i<n-1,
f{“'i'!—j.:lz2
and flw,) =3,

The color classes C[1]. c[2] and C[3] satisfy the
condition |Icldl—Iclll=1, 1=i<41=j=4, since
Iclall = Ic2]l = Icl3]l = Ic[4]l ==,

L

Sudha graph 5(x.m} has equitable coloring with this
type of coloring and hence S22y =4 if
n=6+4, j=12(mod 3).

Type (b) : Letn =8 + 44, j = 0,2 (mod 3}

The vertices of 5{n. 2] are colored as

1, i=1(mod4)

)2, i=20(mod 4)
flod = 3, i=3 (mod 4)
4, i =0 (mod 4)

forl=i=<mn

The color classes C[1]. €[2] and C[3] satisfy the

condition |Ic[dl—1c[lll<1 1=i=41<j<4 since
Tl n+1

]l = Icl4]l = == andc 2]l = Icl3]l = =,
Sudha graph 5{=. 27 has equitable coloring with this
type of coloring and hence S22y =4 if

n=8+4j, j=0,2(mod 3).

Therefore the equitable chromatic number of 5{n. 2}
is either 3 or 4 according to n=0(mod 3} or
n # 0 (mod 3).

llustration 3.2.

Consider the graph 5(9.27. Using theorem 3.1 case (i) we
assign the color 1 to the vertices w;.1y.v7,  color 2 to the
vertices ;. v¥s. 1z and color 3 to the vertices 1.1 ¥ as
shown in figure 10.

v1
Figure 10

Here IC[1]1=3. I€[2]1=3 and IC[3]l=3. They
satisfy the conditions |lc[il—lclll<t1=i<3,
1=j=3 This type of coloring on Sudha graph 5(%. 2}

86



Global Journal of Pure and Applied Mathematics (GJPAM) ISSN 0973-1768 Volume 12,Number 4 (2016)
© Research India Publications : http://www.ripublication.com

satisfy the conditions for equitable coloring. Hence
¥=(5(9.2)) = 3.

Illustration 3.3.

Consider the graph 5(17. 2). Using theorem 3.1 case (ii) type
(b), we assign the color 1 to the vertices 1y, ¥, 15, 1735 COlOr 2
to the vertices wq. vg ¥y ¥4z, ¥4, COlOr 3 to the vertices
v, ¥, ¥y g4 and color 4 for the vertices ;. vg, vy7, 147 @S
shown in figure 11.

A\ 2
Figure 11

Here IC[1]l = 4.1c[2]l =5, I€[3]] = 4 and IC[4]] = 4.
They satisfy the condition |lc[i]l=Ic[i]ll <11 =i<4
1= j=4. This type of coloring on Sudha graph 5{17, 2}

satisfy the conditions for equitable coloring. Hence
¥ (5(17,.2)) = 4.
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