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Abstract- In this paper, we derive some general theorems for
the explicit evaluation of Ramanujan’s cubic continued
fraction employing theta function identities.
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l. INTRODUCTION

The following beautiful continued fraction,
communicated by Ramanujan in his second letter to Hardy
— 4" q+a® a*+q* ¢3+4°
G(q)'_l + 14 14 1 +- lai<1 (1.1)

has recorded on page 366 of his lost notebook [12]. H. H.
Chan [6] has discovered many new identities which perhaps
are the identities to which Ramanujan vaguely referred.
Several new modular equation relating G(q) its explicit
evaluations over years are given by several mathematicians.
We mention here specially B. C. Berndt, Chan and L-C
Zhang [4]. For more works on evaluation of the cubic
continued fraction one may see [5], [11], [10], [8], [9] and
[7].

Motivated by these works in Section 2 of this paper, we
establish some new formulas for evaluating G(q) by
employing certain identities found in the works of [2, Entry
62, pp.221] and [3, pp. 127]. As a particular case of our
general formulas, we deduce certain known numerical
values of G (q).

We conclude this introduction with few customary
definition we make use in the sequel. For a and g complex
number with |g|<1
(@' = (@;0) =
@n:=(a;q)n=

n=o(1— aqn)( )
and n-1(1 — agh)=—=22-,
k=o(1—aq") @M

integer,

any

f (a, b) :Z?{):—oo an(n+1)/2bn(n—1)/2]

= (—a; ab), (—b; ab). (ab; ab).,, lab|<1.

fa) =f(-q,-0) =X o (~1)"" =(q; q)e

The following identities are quite useful for constructing
new theorems ahead
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e~/ af (e=%) = e P24 f(eP), af =n* (12)
If G (q) is defined by (1.1), then

20\ 2
(27 + qflz (_q3)) _% +4G (q)
Equations (1.2) and (1.3) are found in [1, Ch. 16, Entry 27,
pp. 43] and [1, Ch. 20, Entry 1, pp. 345] respectively.
Along with the identities, the following modular equations
are also used to find general theorems.

Theorem 1.1. [2]
_ _f=® __ f(=d%)
If P= ql/12(—¢3)" Q_ql/lz(_qls)’ then

vor s ).

For the proof we refer [2, Entry 62, pp.221].

Theorem 1.2, [3]
_ _fCa) __f=a'D
If P= ql/lz(q_q3) ' Q_ql/lzf_q%)!
5.(3 > 4 3\* 3
PO+(Z) +11fro)* + () Jes{per® +

(1)3}+253{(PQ)2 + (i)z}+693(PQ+%)

PQ PQ
wasso=(2) +(2)’

For the proof we refer [3, pp. 127]

then

2. EVALUATION
In this section we present some theorems for explicit
evaluation of G (q).

Theorem 2.1.
For q:e‘”m, let

f(@)

Ih=imanzgs, (21
Then
]n]l/nzl (22)
Ji=1 (2.3)
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Proof. By the definitionsof J, and J,/, asin (2.1) and
(1.2), we obtain (2.2). Then setting n=1 in (2.2) we easily

obtain (2.3).

Theorem 2.2.

30, s )5t m(2) (L)’ 24)
Proof. Replacing qto —q in Theorem 1.1, we obtain
(RS)2-5+(R.?;')2:(%)3-(§)3 (2:5)

-_f@ - _f@ ;
where R= ql/lz(q3)and S= /2Ty It can be easily seen

that R=3'/4J, and S= 3/4J,c, . Substituting these R and S
in (2.5), we obtain (2.4).

Theorem 2.3.

We have J; = Gf%g and Jy;5 = ° ﬁ

Proof.

Setting n=1/5 in (2.4) and employing (2.2), we obtain
J&2 - Je-1=0.

Since J,> 0, we obtain by solving the above equation

J = 6\/@ Again employing (2.2), we obtain
Jys =" 1+2_\/g

Theorem 2.4.

We have J,5 = \/% and  Jy/55 = @

Proof.  Setting n=1 in (2.4) and observing that J; = 1, we

have the following quadratic equation ]12/25 + Jijp5 -1 =0.

Solving this we obtain Jys5 =@. Using (2.2), we obtain
2

Jos = 7
Theorem 2.5.

5 3 5 4
{(31/2]11]12111) +(m) }_11{(31/2]n]121n) +

(W)4}+66{(31/2]n]121n)3 + (_31/2]:1121)3}_

253{(31/2]n]121n)2 + ( > )2}+ 693{31/2]n]121n +

312))121n

(52— ) Jra386= (22e) 4 (L)'

Proof.

{RSS + (;—5)5}-11{(1?5)4 + (;—5)4}+66{(RS)3 + (5—3)3}

2ersy +(2) oss ey + (2)} oo () (2,
where R= 1f1(2q)3 and S= qlf/(+1(lq)33) It is easily follows

that R= 3*J, and S=3"*J,4, . Substituting these in (2.7) we
obtain (2.6).

Theorem 2.6.
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12 [14/42-4 12 2
We have/;;= / ——and/; 1, = /—1+m

where A= 1810v/3- 3894.
Proof.

Setting n=1/11 in (2.6) and employing (2.2) we obtain
24 __ 12A +1=0
11 11 .

12 [a2 _
Solving this equation we obtain J;;= /H : :. Again

using (2.2) we have J; /1, = " /_11_\/1242—_4 :

Theorem 2.7.
3
27(1 —J})= (i + 4w2) where w= G (-q).

Proof. Replacing g by —q in (1.3) , we have

12 1/3
£ (q) ) - 1 )+4GZ(_q)

27 — =
( aft2@® G(—q

Employing the definition of J,, we complete the proof of
(2.8).
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