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Zhang et al. [1] introduced the concept of an
adjacent vertex distinguishing total coloring and

in such a way that any pair of adjacent vertices have found the adjacent vertex distinguishing total

distinct set of colors. The minimum number of colors chromatic number for a cycle, a complete graph, a

needed for an adjacent vertex distinguishing total complete bipartite graph, a wheel and a tree. They
have also posed the following conjecture:

Abstract- An adjacent vertex distinguishing
total coloring of a graph G is a proper coloring of G

coloring of G is denoted by ., (G). In this paper,

we have (_jiscussed_ the e_ldjacent vertex distinguishing For any graph G with order at least 2,
total coloring of grid of diamonds, grid of hexagons and <
shadow graphs of (i) a path and (ii) a cycle. We have we have x, (G) <(G)+3.

also discussed the adjacent vertex distinguishing total

coloring of a crown graph. Chen [2] and Wang [3] confirmed that this

Keywords- Grid of diamonds: Grid of hexagons: conjecture is true for graphs with A(G) =3 whereas

Shadow graph; Path; Cycle; Crown graph; Adjacent Hulgan [4] presented a proof for this conjecture for a
vertex distinguishing total coloring and Adjacent vertex complete graph and a cycle. Chen et al. [5] have
distinguishing total chromatic number. verified this conjecture for a generalized Halin graphs

) - with maximum degree at least 6. Wang et al. [6] have
AMS Subject Classification: 05C15 verified this conjecture for planar graphs.

Papaioannou et al. [7] have discussed adjacent vertex
distinguishing total coloring of 4 - regular graphs.
|.  INTRODUCTION Sudha et al. [8] have discussed and found in general
the adjacent vertex distinguishing total coloring of
corona product of two paths; two cycles; two

It G :(V (G). E(G))is a graph with the complete graphs; a path and a cycle; a cycle and a

vertex set V (G )and the edge set E(G), a proper path; a complete graph and a path; a complete graph
) ( ) _ g ( ) prop and a cycle. Luiz et al. [9] have found the adjacent

total coloring of G is an assignment of colors to the vertex distinguishing total chromatic number of

vertices and the edges in such a way that complete equipartite graph of even order A(G) + 2.

In this paper, we have obtained the adjacent
vertex distinguishing total coloring of grid of
. . . diamonds, grid of hexagons and shadow graphs of (i)
2. no two adjacent edges are assigned with the a path and (i) a cycle. We have also discussed the

same color, _ _ adjacent vertex distinguishing total coloring of a
3. no edge and its end vertices are assigned crown graph.

with the same color and
4. for every adjacent vertices have distinct set I
of colors.

1. no two adjacent vertices are assigned with
the same color,

. SUDHA GRID OF DIAMONDS
Definition 2.1. Sudha grid of diamonds Sd (m, n) is
an induced subgraph of the tensor product of two
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paths P, and P, (both m and n odd, m>3and
n > 3) with the vertex set and the edge set given by

v(s, (myn)){(ui,vj)/eitheri =1(mod2) and j =0(mod 2)}

ori=0(mod2) and j=1(mod2)

and
E(S, (mn))={(u.v,)(u.u)/uu, cE(P, )andvy, cE(P)}

Ilustration 2.2. Consider Sudha grid of diamonds
for m=5and n=5.

V11 V1.2

V2,3
V6,1 V6,2

Figure 1: Sudha grid of diamonds S, (5,5)

The above graph is the induced subgraph of
the tensor product of two paths Ps with the vertex set

{ui}, 1<i<5 and Ps with the vertex set
{Vj}, 1< j<D5as per definition. In the fig.1 the
vertices are denoted by Vi | instead of (ui ,Vj) for
simplicity.

Theorem 2.3. The adjacent vertex distinguishing
total coloring of Sudha grid of diamonds

Sy (m,n)is A(G)+2 for odd m=>3and odd
n>3.

Proof. Let the vertex set and the edge set of Sudha
grid of diamonds Sd (m, n) be given by

Y, (Sd (m,n)) ={v, ;1<i<2m+1,1<j<n+1}

and
(S, ()= v vy, < Ul 1< j <

Ulw Vil <i, j<min}
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V2m+1,n-1

V2m+1,3

V2m+1,1 V2m+1,2 V2m+1,n

Figure 2: Sudha grid of diamonds S (m, n)

. m .
Sd (m,n)con5|sts of (T] vertices and

(m —1)(n —1) edges respectively.
Define the function fl be a mapping from the
vertices to a color set {1, 2,3,..., k} as
forall 1<i<m, 1< j<n,

(v _):{1, if i=1(mod?2)

7712, otherwise
Define the function f2 be a mapping from the edges
to a color set {1, 2,3,..., k} as
forall 1<i<m, 1< j<n,
3, if i=1(mod2)

) {5, otherwise

and for the remaining edges, there are two cases for
f,one for odd i and one for even i: for odd i, the

f(vv

[ E]

function f, is defined as
forall 1<i<m, 1< j<n,
fz (Vi,jVi+1,j+1) =4,
For even I, the function f2 is defined as
forall 1<i<m, 1< j<n,
f,(Vi Vi jua) =6,

The above coloring pattern satisfies the
condition of an adjacent vertex distinguishing total
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coloring and the chromatic number of Sudha grid of
diamonds Sy (m,n)is A(G)+2.

Illustration 2.4. Consider the Sudha grid of
diamonds S, (7,5)

Figure 3: Sudha grid of diamonds S, (7, 5)

By using the coloring pattern given in theorem
2.3, the colors 1,2,3,4,5,6 are assigned to the

vertices and the edges are assigned with the colors as
shown in fig.3.

The adjacent vertex distinguishing total chromatic
number of S (7,5) is 6.

I1l. SUDHA GRID OF HEXAGONS

Definition 3.1. Sudha grid of hexagons S, (m, n) is

an induced subgraph of the strong product of two
paths P and P, (mis odd, >3 and

n
n= O(mod 4) ) with the vertex set and the edge set
given by

V(S,(m,n))=

and

(u.v;)/i+j=1(mod2)
and i+ j=0(mod2)

[ (v (uv ) Ty, € E (P )and
E(Sh(m,n))_ vV, € E(Py),uu, €E(Py)and j=I

Illustration 3.2. Consider the Sudha grid of
hexagons S, (7,8)

V4,2 V4 4 V4,6

Figure 4: Sudha grid of hexagons S, (7,8)

The graph is the induced subgraph of the
strong product of two paths P, with the vertex set
{ui},lg i <7 and P, with the vertex set {Vj},

1< j<8.
Theorem 3.3. The adjacent vertex distinguishing
total coloring of Sudha grid of hexagons S, (m, n)

is A(G)+2forodd m>3 and n=0(mod 4).
Proof. Let the vertex set and the edge set of Sudha
grid of hexagons S, (m, n) be given by

V(Sh (m,n)) ={v,;1<i<2m+1,1<j<n+1}
and
E(Sy(mn))={v v, 1<i<2mi< j<n]

U{V; Vi (i + ) iseven]

vertices and

S,(m,n)

. mn
consists of —
2

mn+2(m—1)(n—1)

edges respectively.
4
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VT, n-1
Vi.n
v2.n

v2.n-1

v3,n-1
v3.n

Va.n
Va4 n-1

Vm-1,3 i . vm-1,n-1
Vm-1,1 Vm-1.n
vm, 1 2 i vm,n
vm,2 vm.,3 Vm-1,n-1

Figure 5: Sudha grid of hexagons S, (m, n)

Define the function f1 be a mapping from the

vertices to a color set {1, 2,3,..., k} as
forall 1<i<m,1<j<n,
f j):{l, if (i+ !')Eo(modz)
' 2, otherwise
Define the function f2 to be the mapping from the
edges to a color set {1, 2,3,..., k} as
forall 1<i<m,1<j<n,

3, if j=1(mod2)
f2 (Vi’jvi,j+1):{41 otherwise

f, (v, v

ij i+l

)=5. if (i+j) is even.
The above coloring pattern satisfies the

condition of an adjacent vertex distinguishing total
coloring and the chromatic number of Sudha grid of

diamonds S, (m,n) is A(G)+2.

Illustration 3.4. Consider the Sudha grid of
hexagons S, (7,8)

.2 7.4 1.6 T8
5 N
324, s ¥ 3~ 324

M1.197
V2,182
3

Va2 Va4 Va6 Va.s

Figure 6: Sudha grid of hexagons S, (7,8)
By using the coloring pattern given in
theorem 3.3, the colors 1,2,3,4,5 to the vertices

and the edges are assigned with the colors as shown
in fig.6.
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The adjacent vertex distinguishing total chromatic
number of S (7,8)is 5.

IV. CROWN GRAPH

Definition 4.1. The crown graph S:for an
integern > 2is the graph with the vertex set
{ul,uz,...,un,vl,vz,...,vn} and the edge set
{uv; 1<i, j<n,wherei= j}.

The crown graph S° has 2n vertices and n(n—1)
edges.

Hlustration 4.2. Consider the crown graph S .
Uz

V1 V2 V3 Va

Figure 7: Crown graph Sf

The crown graph Sf is shown in fig. 7 with the
vertex set {U;},1<i<4 and {v;},1< j<4.

Theorem 4.3. The adjacent vertex distinguishing
total chromatic number of a crown graph Sr? is

n+1for n>2.
Proof. Let the vertex set and the edge set of the
crown graph be denoted by

V(S)) = _L:J{{ui}u{vi}}

and E(S?) =|_J{uv, 1< j<n}whereis j
i=1

Figure 8: Crown graph S’

Define the functions f, and f, be the mapping from
the wvertices and the edges to a color set
{1,2,3,...,k} as follows:
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forall 1<i, j<n,

f,(u)=n+1,

2j(modn), if 2j#0(modn)
f(v;)= _

n, otherwise

f,(uv,) = {(i +J)(modn), if (i+j) £0(modn)

n, otherwise

Depending on the nature of N, if the vertices

and the edges are colored, the conditions for total
coloring is satisfied and we found that the adjacent

vertex distinguishing total chromatic number is n+1
for n>2.

Ilustration 4.4. Consider the crown graph Sf =5,

Figure 9: Crown graph Sr?

The upper vertices denoted by U,,U,,U; and U,
are colored with the color 5. The lower vertices
V,,V,,V; and V,are colored by the colors 2,4,2

and 4 respectively. The edges are colored as shown
in fig.9. Since only 5 colors are used, the adjacent

vertex distinguishing total chromatic number of Sf
is 5.
V. SHADOW GRAPHS

Definition 5.1. The Shadow graph D,(G) of a

connected graph G is constructed by taking two
copies of G say G' and G". Join each vertex V'
in G" to the neighbours of the corresponding vertex
v'in G".
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Ilustration 5.2.

V1 V2 V3 Va

Figure 10: shadow graph of a path D, (P4)

The shadow graph of the path P, is shown
in fig.10 with the vertex set {u.},1<i<4and
{v,} 1< j<4.

Theorem 5.3. The adjacent vertex distinguishing
total coloring of the shadow graph of a path D, (P,)
is given by

_|AG)+2, for m>3
Za‘(DZ(P“))_{A(G)ﬂ, for m=3

Proof. Let the vertex set of the path P be
{v,,1<i<n}.

V1 V2 V3 Vn-1 Vn

Figure 11: shadow graph of a path D, (Pn)

The vertex set of the shadow graph of the path P, is

VD, = J {u3om)

i,j=1
and its edge set is

E(D,(P)) = U

ij=1

{uiui+1}u{vjvj+1}
kJ{uivjﬂ}k){vjui+1}
Define the functions f, and f, to be the mapping

from the vertices and the edges to a color set
{1,2,3,...,k} as follows:

forall 1<i, j<n,

1 if i=1(mod2
fl(ui) = ( )
2, otherwise
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L)) {1, if jzl(_mod 2)
2, otherwise
3,if i=1(mod 2)
4, otherwise
3,if j=1(mod 2
0VV)) :{4, otherwi(se )
forall 1<i, j<n-1,
f,(uv,,)=5if i=]

f,(uu,,) = {

f,(v,u,,) =6, if i=].
Using this general pattern of the coloring, the
graph is adjacent vertex distinguishing total colored

and the chromatic number is A(G) +2, for n > 3.

Remark 5.4. When n=3,we found that
Zat(Dz(Ps)):A(G)"'l-

Ilustration 5.5. Consider the shadow graph of a path
D,(P,).

Figure 12: shadow graph of a path D, (P4)

By using the coloring pattern as given in
theorem 5.1, the colors 1,2,3,4,5,6 are assigned to

the vertices and the edges are assigned with the
colors as shown in fig.12.
The adjacent vertex distinguishing total chromatic

number of D, (P,) is 6.

Theorem 5.6. The adjacent vertex distinguishing
total coloring of the shadow graph of a cycle

D,(C,) is A(G) +2.

Proof. Let the vertex set of the path C_ be
{v,,1<i<n}.

The vertex set of the shadow graph of the cycle C is

n

V(D,(C,) = | {uuiv}

i,j=1

and its edge set is
i {uiui+1}U{VjVj+1}U{uivj+1}u{unvl}

E(DZ(Cn)) = U

i | Vv dofuuofvviofvu}

Figure 13: shadow graph of a path D, (C,)

Define the functions f and f, be the mapping from
the wvertices and the edges to a color set
{1, 2,3,..., k} as follows. There are two cases:

Case 1: Let N be even.

Forall 1<i, j<n,

()= {1, if i=1(mod 2)

2, otherwise
1 if j=1(mod 2
f1(Vj) = J ( )
2, otherwise
forall 1<i, j<n-1,
3,if i=1(mod 2
fz (uiui+1) :{ ( )
4, otherwise
3,if j=1(mod 2)
f(vv..)=
2¥y) {4, otherwise

fz (unul) =3, fz (anl) =4
forall 1<i, j<n-1,

f, (uivM) =5 1if i=]
fz(vjum) =6,if i=]
f,(u,v,) =5 and f,(v,u,) =6.
Case 2: Let N be odd.

Forall 1<i, j<n-1,

1 if i=1(mod 2
fl(ui) = ( )
2, otherwise

1 if j=1(mod 2
f1(Vj) = J ( )
2, otherwise

fl(un) = fl(vn) :3
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By using the coloring pattern as given in case 2
of theorem 5.2, the colors 1,2,3,4,5,6 are assigned

forall 1<i, j<n-1,
3,if i=1(mod 2)

f,(uu,,,) = ; to the vertices and the edges are assigned with colors
4, otherwise as shown in fig.15.
. The adjacent vertex distinguishing total chromatic
f,(v.v.,)= 3f ] :1_(m0d 2) number of D,(C,) is 6.
” 4, otherwise

VI. CONCLUSION

The concept of adjacent  vertex
distinguishing total chromatic number for the larger
graphs obtained from the product of paths are
discussed in this paper and found the adjacent vertex
distinguishing total chromatic number for Sudha grid
of diamonds, Sudha grid of hexagons and shadow
graph of (i) a path and (ii) a cycle. We also found the
adjacent vertex distinguishing total chromatic number
of a crown graph.

fo(uu;) = f,(vv,) =2
forall 1<i, j<n-1,
f,(uv.,,)=5Iifi=]j
fZ(Vjui+1) =6,if i=]
f,(u.v;)=5and f,(v.u,)=6.
Using this general pattern of coloring, the graph
D,(C,)is adjacent vertex distinguishing total

j+l

colored and its chromatic number is A(G) + 2, for
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