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I. INTRODUCTION

In topology, the class of generalized A-sets studied by
Maki in [16] and defined the associated closure operator C2.
El-Sharkasy [9] studied the concept of A, —sets and the
associated topology T%«. Caldas et al.[4,5] introduced the
concept Aj — sets (resp. V5 — sets) in topological spaces,
which is the intersection of § — semiopen (resp. union of § —
semiclosed) sets. Khedr and Al-saadi [15] introduced and
studied the concept of ij-sA -semi 6-closed and pairwise 6-
generalized sA-set in bitopological spaces, which is an
extension of the class of generalized A-sets. Ghareeb and Noiri
[10] introduced the concept of A - Generalized closed sets in
bitopological spaces. In 2006, Caldas et al. [6] introduced the
notions of As —T,, As—T; , As —Ry, and As —R; in
bitopological spaces. Quite recently, Edward Samuel and
Balan [8] studied the concept of Aj — Sets in bitopological
spaces.

The purpose of this paper is to continue research along
these directions but this time by utilizing ij — A3 open sets. In
this paper, we introduce ij — A§ open sets and associated
closure operator in bitopological spaces and we study some of
their fundamental properties. Also, we introduce the notions of
Ay =Ty, Ay =Ty, A —T,, A5 — Ry, Ay — Ry bitopological
spaces and the major properties of this new concept will be
studied.

Il. PRELIMINARIES

Throughout the present paper, (X,74,7,) (or briefly X)
always mean a bitopological space. Alsoi,j = 1,2andi #
j. Let A be a subset of (X,7;,7,). By i —int(A) and i —
cl(A), we mean respectively the interior and the closure of A
in the topological space (X, ;) fori = 1,2. A subset A of X
is called ij — regular open [12] if A =i — int[j — cl(4)]. A
point x of X is called an ij — & — cluster point of A if
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i—Int(j—CL(U)) n A + ¢ for every t; — open set U
containing x.

The set of all ij — § — cluster points of A is called the ij —
& — closure of A and is denoted by ij — 6CI(A).

Definition 2.1[13] A subset A is said to be ij — & closed if
ij — 6cl(A) = A. The complement of ij — & closed set is said
to be ij — & open. The set of all ij — & open (resp. ij — &
closed) sets of X will be denoted by ij — §O(X)( resp. ij —
SC(X)).

Definition 2.2[7] A subset A of a bitopological space

(X, t4,7,) is called ij — & semi open if there exists anij — §
open set UsuchthatU € A < j — cl(U).

Definition 2.3[8] For a subset A of a bitopological space
(X,71,7,), we define A%% and A%Vu as follows, A% =n
{(UUACU,UE ij—6SOX)} and A%V =u {U:UC
A, UC € ij — 8S0(X)}.

Definition 2.4[8] A subset A of a bitopological space
(X, 74, 7,) is called,

(@) ij — Ay setif A =A%y,

(b) ij — V5 setif A= A%y,
The family of all ij — A3 sets (resp. ij — V§) is denoted by
§—A5(X, 7y, 72) (resp. ij — V5 (X, 74, 75)).

. ij — Ay CLOSURE OPERATOR

Definition 3.1 Let A be a subset of a bitopological space
(X! TI!TZ)l

(@) Ais called aij — A% closed set if A = T n C, where
T is aij—Aj set and C is a ji — & semi closed set. The
complement of a ij — A closed set is called ij — A} open. The
family of all ij — A§ open sets and ij — A3 closed sets are
denoted by ij — A50(X, 71, 7,) and ij — A5C(X, 74, T5).

(b) A pointx € (X,t1,T,) is called a ij — A§ cluster point
of A if for every ij — A open set U of (X, T4, T,) containing x,
A N U # ¢. The set of all ij — A3 cluster points is called the
ij — A% closure of A and is denoted by ij — C3 (A).
Theorem 3.2 Let A, B and {B,,a €]} be subsets of a

bitopological space (X,t;,T,) . For ij — A} closure, the
following properties hold,

(d) ACij—CM(A).
(b) ij — CAS(A) = (U:AS U,U € ij — A{C(X, 14,75}
(c) IfAC B, thenij — C*(A) € ij — C15(B).
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(d) Aisij — A closed if and only if A = ij — €43 (4).
(e) ij — CM5(A) isij — A closed.
() Uuey i — C15(B,) = ij — €15 (Uyey Bo).
(@) i — C[ij — Ch5(A)] = ij — €M (A).
Proof. (a), (b), (c), (e) Obvious. From the definition.
(d) Obvious. From (a) and definition.

(f) Suppose that there exists a point x such that x ¢ ij —
CM5(Uge B,) - Then, there exists a subset U € ij —
A5 (X, 71,77) such that U,y B, € U and x € U. Thus for each
a €], we have x & ij — CA5(B,). Thus implies that x ¢
Uags i — C5(By).

Conversely, we suppose that there exists a point x € X such
that x € Uy ij — C*(B,) . Then, there exist subsets
U, €ij — A;(X,7q,7,) for each a €] such that x ¢ U, and
B, S U,. Let U= U,e U,, we have x € U, Uy B, € U,
and U € ij — A5 (X, 71,7,). Thus x & ij — C*5 (U, By)-

(g) Suppose that there exists a point x € X such that
x €& ij—CAg (A) . Then there exists a subset U € ij —
A5 (X,71,7;) such that x € U and U2 A . Since U € ij —
A%(X,Tpfz)s we have ij —CM(A) S U . Thus we have
x &ij — CM[ij — Ch(4)] Therefore  ij — CAs[ij —
M ()] € ij — cM(A).

Theorem 3.3 Let A be a subset of a bitopological space
(X, 71, T,), then following are hold,

(@ If A, is ij — A§ closed sets for each a €], then
Neey Uy s ij — Ay closed.
(o) If A, is ij — A§ open sets for each a €], then
Ugej Uy s ij — Ay open.
Proof. Obvious.

Definition 3.4 Let A be a subset of a bitopological space
(X, 14,72), then the ij — A} kernel of A, denoted by ij —
A§Ker(A) is defined to be the set ij — AjKer(A) = N{U €
l] - A%O(X,T]_,Tz) : A g U}

Theorem 3.5 For any two subsets A and B of a bitopological
space (X, Ty, T3),

(@) If A € B, thenij — AKer(A) € ij — AjKer(A).

(b) ij — AiKer[ij — AjKer(A)] = ij — AjKer(A).
Proof. Obvious.
Theorem 3.6 For any two points x and y of a bitopological
space (X,t1,T,), ¥y € ij — AjKer({x}) if and only if x € ij —
s (.
Proof. Let y & ij — AjKer({x}). Then there exists a ij — A}

open set U containing x such that y € U. Hence x ¢ ij —
C% ({y}). Similarly the converse is true.

Theorem 3.7 If (X, Ty, T,) be a bitopological space and A c X,
then ij — AjKer(A) = {x € X: ij — C5({x}) N A # ¢}

Proof. Let x € ij—AjKer(A) and suppose that ij—
CA(xHNA=¢. Then x & X\ij — C ({x}) which is a
ij — A% open set containing A. This is impossible, since
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x € ij — AjKer(A) . Consequently, ij —C5((xDNA#¢ .
Next, let x € X such that ij — C*5 ({x}) N A # ¢ and suppose
that x & ij — A;Ker(A). Then there exists a ij — A§ open set U
containing A and x ¢ U. Lety € ij — €2 ({x}) n A. Hence U
is a ij — A neigbourhood of y which does not contain x. By
this contradiction x € ij — AjKer(A).

Definition 3.8 A bitopological space space (X, t;, T,) is called,

(a) pairwise A§ — T, if for each pair of distinct points in X,
there is a ij — A3 open set containing one of the points but not
the other.

(b) pairwise Ay — T, if for each pair of distinct points x and y
in X, there is a ij — A§ open U in X containing x but not y and
aji — A3 open set V in X containing y but not x.

(c) pairwise A3 — T, if for each pair of distinct points x and y
in X, there exist a ij — A§ open set U and ji — A open set V
suchthatx e U,y e VandU NV = ¢.

Remark 3.9 If a bitopological space space (X, Tq,T,) iS
pairwise Ay — T;, then it is pairwise Ay — T, 4, i = 1,2.

Theorem 3.10 A bitopological space space (X,t;,T;) is
pairwise Ay — T, if and only if for each pair of distinct points

x,y of X, ij — C ({x}) # ji — CY3 ({y}).

Proof. Suppose thatx,y € X, x # y and ij — C5 ({x}) # ji —
€Y ({y}). Let z be a point of X such that z € ij — C2 ({x})
but z & ji — €% ({y}). We claim that x & ji — C5 ({y}). For
it, if x €ji—CM({y}) then ij — C*5({x}) € ji — C*5({y})
and this contradicts the fact that z & ji — C*({y}) .
Consequently, x € ji — AS0(X,T1,T,), [ji — CM({yDI¢ to
which y does not belong.

Conversely, Let (X,1q,7,) be a pairwise Ay — T, space and
x,y be any two distinct points of X. There exists a ij — Aj
open set G containing x or y, say x but noty. Then G® is a
ij — A% closed set which does not contain x but contains y.
Since ji — chS ({y}) is the smallest ji — A closed set
containing y, ji — C* ({y}) € G¢, and so x & ji — C2 ({y}).
Consequently, ij — €3 ({x}) # ji — CY ({y}).

Theorem 3.11 A bitopological space (X,t;,T,) iS pairwise
Ay — Ty if and only if the singletons are ij — A% closed sets.

Proof. Suppose that (X,t;,T,) is pairwise Ay — T, and x be
any point of X. Let y € {x}°. Then x # y and so there exists a
§j—As open set U, such that yeU, but x¢U, .
Consequently, y € U, € {x}* i.e., {x}* = U{U, : y € {x}}
which is ij — A§ open.

Conversely, suppose that {p} is ij — A} closed for every p €
X. Let x,y € X with #y . Now x # y implies y € {x}°.
Hence {x}¢ is a ij —A§ open set containing y but not
containing x. Similarly {y}¢ is a ji — A5 open set containing x
but not y. Therefore, (X, t;,T,) is a pairwise A — Ty space.
Definition 3.12 A bitopological space (X,ty,T,) iS pairwise
Ay — symmetric if for x and y in X, x €ji— Y ({y)
implies y € ji — C*s ({x}).

Definition 3.13 A subset A of a bitopological space (X, T, T;)
is called a ij — A} generalized closed set (briefly ij — A% — g
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closed) if ji — C*5(A) € U whenever A € U and U is ij — A}
open.

Theorem 3.14 Every ij — A§ closed set is ij — A§ — g closed.

Remark 3.15 The converse of above theorem is not true in
general.

Theorem 3.16 A bitopological space (X,t;,T,) is pairwise
A% — symmetric if and only if {x} is ij — A§ — g closed for
each x € X.

Proof. Assume that x € ji — CA3 ({y}) buty & ij — C5 ({x}).
This implies that the [ij — 3 ({x})]¢ contains y. Therefore,
the set {y} is a subset of [ij — C*5 ({x})]¢. This implies that
ji—CM({y}) is a subset of [ij — C*%({(x}]¢. Now [ij —
€3 ({x})]€ contains x which is a contradiction.

Conversely, suppose that {x} € U € ij — A;0(X,t1,1,), but
ij — C2({x}) is not a subset of U. This means that ij —
€23 ({x}) and U are not disjoint. Let y € ij — CA({x}) n
(X\U). Now we have x € ji — C*5 ({y}) which is a subset of
U¢ and x ¢ U. This is a contradiction.

Theorem 3.17 If a bitopological space (X, T;,T,) is pairwise
Ay — Ty space, then it is pairwise

Aj — symmetric.

Proof. In a pairwise A — T; space, singleton sets are ij — A§

closed and Therefore, ij — Aj — g closed. By theorem 3.16,
(X, 11, T2) IS pairwise Ay — symmetric.

Theorem 3.18 For a bitopological space (X,t;,T;) the
following are equivalent:

(@ (X,ty, 1) is pairwise Ay — symmetric and pairwise
A55 - To.
(b) X, Ty, T2) Is pairwise Ay — T;.

Proof. (a) = (b) Let x # y and by pairwise Aj —T,, by
remark 3.9 we may assume that x € U; € {y}* for some
Uy € ij — Ay0(X, T4, 7,). Then x & ji — CA5 ({y}). Therefore,
by the definition of pairwise Ay — symmetric, we have
y € ij — C5({x}). There exists a U, € ji — A50(X, 1y, 1)
such that y € U, € {x}¢. Therefore, (X,t,,T,) is a pairwise
A — Ty space.

Theorem 3.19 For a pairwise Af — symmetric space
(X, T4, T,) the following are equivalent:

(1) (X, Ty, T2) Is pairwise Ay — Tj.

(2) (X, Ty, 1) is pairwise Ay — T;.

Proof. (1) = (2) Obvious. From theorem 3.18.
(2) = (1) Obvious. From Remark 3.9.

IV. PAIRWISE A§ — Ry SPACES
Definition 4.1 A bitopological space (X, Ty, T,) iS a pairwise
Ay — R, if for each ij — A3 open set U, x € U implies
ji—cM({x) cU.
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Theorem 4.2 In a bitopological space (X, 14, T,), the following
statements are equivalent:

(a) (X, 7;,T,) is pairwise A — R.

(b) for any ij — A§ closed set G and a point x & G, there exists
Ue€ji— A0, 1q,T,)suchthatx ¢ Uand G € U.

(c) for any ij —A§ closed set G and x & G, then ji-—
CH N NG = .

Proof. (a) = (b): Let G be a ij — A} closed set and x € G.
Then by (a), ji — C2 ({x}) € X\G. Let U = X\ji — C*5 ({x}),
then U € ji — A;0(X,ty,T,) andalso G € U and x ¢ U.

(b) = (c): Let G be aij — A3 closed set and a point x & G.
Then by (b), there exists U € ji — Aj0(X, t1,T,) such that
GCUandx¢U. Since U € ji—A0(X,1,,1,), UN ji—
CM({x}) = ¢. Thenn ji — C¥({x) = ¢ .

(c) = (a): Let G € ij — Aj0(X,14,T;) and x € G. Now X\G is
ij — Ay closed and x € X\G x. By (c), ji—CS({x})n
(X\G)=¢ and hence ji—CM({x})<G . Therefore,
(X, Ty, T5) is pairwise Aj — Ry.

Theorem 4.3 A bitopological space (X,ty,t,) is pairwise
Ay — R if and only if for each pair x, y of distinct points in
X, = nji-ch¥N=¢ o xy}cij-
CR (D N ji— Y.

Proof. Let (X,ty,T,) be pairwise A3 —R,. Suppose that
j—CNnji-cBN=#d  and  {xy}gij-
CO (DN ji—CcB%({y)) . Let peij—CHB{D N ji—
CM({y)) and xgij—C(x) n ji—CM%{y}) . Then
xgji—C%({y)  and  xeX\ji-CB({yDeji-
AS0(X,1,,T,). But ij — C*5({x}) is not a subset of X\ji —
chs ({y}), this is a contradiction. Hence for each pair x, y of
distinct points in X, ij — CA(x}) N ji—CM{y) =¢ or
{y} i = CB¥ () n ji— (D).

Conversely, let U be a ij — A§ open set and x € U. Suppose
that ji — CM ({x}) is not a subset of U. So there is a point
y € ji — M ({x}) such thaty & U and —C*%((x) n U = ¢ .
Since X\U is ij — A closed and y € X\U. Hence {x,y} &
ij — CM ({x}) N ji — 2% ({y}) and thus ij — CA3 ({x}) N ji —
R IGHETS

Theorem 4.4 In a bitopological space (X, T4, T,), the following
statements are equivalent:

(1) (X, t1,T2) is pairwise A§ — R,.

(2) Forany x € X, ij — C*5 ({x}) = ji — AKer({x}).

(3) Forany x € X, ij — C*5 ({x}) € ji — AjKer({x}).

(4) Forany x,y € X,y € ij — C* ({x}) if and only if x € ji —
s (fy D).

(5) For any ij —Aj closed set F, F=N{G:Gis aij—
A% open setand F € G}.

(6) For any ij—A% open set G, G =U{F:Fis aij—
Aj closed setand F € G}.
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(7) For every A # ¢ and each G € ij — A;0(X, 14, T,) such
that AN G # ¢, there exists a ji — A closed set F such that
FcGandA NF # ¢.

Proof. (1) = (2) Letx,y € X. Then by theorem 3.6 and 4.3,
y € ji — ASKer({x}) , implies x € ji — C*({y}), y € ij —
€5 ({x}). Hence ij — €% ({x}) = ji — AjKer({x}).

(2) = (3) Obvious.

(3) = (4) For any x,ye X, if yeij—C*({x}), then
y € ji — AjKer({x}) by (3). Then by theorem 3.6, x € ji —
ch3 ({y}). Similarly the converse.

(4) = (5) Let F be a ij—A§ closed set and H =
N{G:Gis aji — Aj opensetandF € G}.. Clearly FE H .
Let x ¢ F. Then for any y € F, we have that ij — C2 ({y}) €
F. Hence follows that x & ij — C*5({y}). Now by (4),
yé&ji— ch3 ({x}). There exists a ji — A5 open set G, such
that y€ G, and x ¢ G, . Let G = U,ep{G, : G,isaji—
A% openset,y € G,and x € G, }. Thus, there exists a ji — A§
open set G such that x¢ G and F S G . Hence, x ¢ H .
Therefore, F = H.

(5) = (6) Obvious.
(6) = (7) Let A+ ¢ and G be a ij — A open set and x €
ANG. By (6), G=U{F:Fis aij —Aj closedsetand F &

G}. It follows that there is a ij — A} closed set F such that
x EA SG.Hence A NF # ¢.

(7) = (1) Let G be a ij — A% open set and x € G, then
{x} N G # ¢. Therefore by (7), there exists a ji — A closed F
such that x e F € G and {x} NF # ¢ , which implies

ji— M ({x}) € G. Therefore, (X, Ty, T,) is pairwise Af — Ry.
Theorem 4.5 In a bitopological space (X, T4, T,), the following
properties are equivalent:

(1) (X, Ty, T2) Is pairwise Ay — R,.

(2) For any ij — A3 closed set F c X, F = ji — A;Ker(F).

(3) For any ij —A% closed set Fc X and x € F, ji—
AjKer({x}) € F.

(4) For any x € X, ji — AyKer({x}) € ij — 5 ({x}).

Proof. (1) = (2) Let F be ij — A closed and x & F. Then
X\F is ij — A§ open containing X. Since (X, T,,T;) is pairwise
A — Ry, ji —CM({x}) € X\F. Therefore, ji —C*({x}) n
F=¢ and by theorem 3.7, x & ji — AjKer(F) . Hence
F = ji — AjKer(F).

(2) = (3) Let F be a ij — A§ closed set containing x. Then
{x} € F and ji — C*({x}) € ji — AiKer(F). From (2), it
follows that ji — €5 ({x}) C F.

(3) = (4) Since x € ij — M ({x}) and ij — CM({x}) is
ij — A% closed in X, by (3) it follows that ji — A;Ker(F) <
ij = ™ (XD,

(4) = (1) Obvious. Proof follows from theorem 4.4.

Remark 4.6 Let (X, T;,T,) be a bitopolgical space. Then for
each x € X, let bi — Aj({x}) =12 —
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CM(xHn21—-cr({x}) and
AKer({x}) n 21 — AjKer({x}).
Theorem 4.7 If a bitopological space (X, ty,t;) is pairwise
A% — Ry then for each pair of distinct points x,y € X, either
bi—AS({x}) =bi—A5{y})  or  bi—Aj({x}) nbi-
As({yD) = ¢.

Proof. Let (X, ty,7,) be a pairwise A} — R, space. Suppose
that bi — Aj({x}) # bi—AF({y}) and bi—AF({x}) Nnbi—
ANy #¢ . Let se bi — A5 ({x}) nbi - A;({y}) and
xebi—A({y) =12-Cc{yHhn21-Ccr{y}) . Then
x & ij — ¥ ({y}) And  x € X\ij —C¥ (D € -
A%?(X,rl,rz). But ji — C ({x}) is not a subset of X\ij —
Chs({y}) since sebi—A5{x}) nbi—A5({y}) . Thus
(X,t1,7) is not a pairwise Ay —R, space which is a
contradiction to our assumption. Hence we have either
bi — A5 ({x}) = bi — A5({y}) or bi — A3 ({x}) N bi—
As(vd) = ¢.

V. PAIRWISE A5 — R; SPACES

Definition 5.1 A bitopological space (X, Ty, T;) is said to be
pairwise A — R, if for each x,y € X, ij — CM ({x)) #* ji —
CAE({y}), there exist disjoint sets U € ji — Aj0(X, 14, T;) and
V€ij — A0 1,T;) such that ij— CM({x) cU and
ji—=cn{ypev.

Theorem 5.2 If a bitopological space (X, ty,T,) is pairwise
A§ — Ry, then it is pairwise Ay — Ry.

bi — AjKer({x}) = 12 —

Proof. Suppose that (X, t;, T,) is pairwise Ay — R;. Let U be a
ij — A% open set and x € U. Then for each pointy € X \U,
ji— M ({x)) # ij — €25 ({y}). Since (X,1,,T,) is pairwise
A§ — Ry, there exists a i]; — A open set U, ang a ji — A open
set V, such that ji — C*({x}) € U,, ij — C*({y}) €V}, and
Uy NV, =¢.LetA=U{l:y € X\U}. Then X\U € A, x & 4
and A is a ji— A5 open set. Therefore, ji — C% ({x}) <
X\A S U. Hence (X, 14, T,) is pairwise Ay — Ry.

Theorem 5.3 A bitopological space (X,ty,T,) is pairwise
Ay — Ry if and only if for every pair of points x and y of X
such that ij — CA({x}) # ji — CY({y}) , there exists a
ij — A% open set U and ji — A% open set V such that x €V,
yeUandUNnV = ¢.

Proof. Suppose that (X, Ty, T,) is pairwise Aj — R;. Let x,y be
points of X such that ij — €2 ({x}) # ji — C*5({y}). Then
there exist a ij — A5 open set U and a ji — A open set V such
that x €ij —CM{x}) SV and y € ji — CA({y}) CU. On
the other hand, suppose that there exists a ij — A% open set U
and ji — A% open setV such thatx eV ,yeUandUNnV =
¢. Since every pairwise A — R, space is pairwise A — Ry,
ij — CM({x}) €V and ji— CM({y}) € U. This completes
the proof.

Theorem 5.4 A pairwise A — Ry space (X, 1y, T,) is pairwise
A} — Ry if for each pair of points x and y of X such that
ij — CM ({x}) nji — C2({y}) = ¢, there exist disjoint sets
Ueij—A0X 1y, 1) andV € ji — A;0(X, 14, T,) such that
xeUandy€eV.

Proof. It follows directly from definition 4.1 and theorem 4.7.
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Theorem 5.5 In a bitopological space (X, T;, T,), the following
statements are equivalent:

(1) (X, T;,T,) is pairwise A — R;.

(2) For any two distinct points x,y € X, ij — C*5 ({x}) # ji —
C% ({y}) implies that there exist a ij — A closed set F; and a
ji—A§ closed set F, such thatx € F,y €F,,x ¢ F,,y € F,
andX =F, UF,.

Proof. (1) = (2) Suppose that (X, T, T,) is pairwise Aj — R;.
Let x,y € X such that ij — CM({x}) = ji — CM({y}). By
theorem 5.3, there exist disjoint sets V € ij — A3 (X, T4, T,) and
Ue€ji—A;(X,1y,T;) such that x€U and y €V . Then
Fy = X\V is a ij — A closed set and F, = X\U is aji — Aj
closed set such that x€ F,, x€F,, yEF,, y&F, and
X=F UF,.

(2) = (1) Let x,y €X such that ij — C*({x}) # ji —
M5 ({y}). Hence for any two distinct points x,y of X,
ij—CM¥({x) nji—Cc{y}) =¢. Then by theorem 4.3,
(X, 1, T2) Is pairwise Ay — Ry. By (2), there exists a ij — A§
closed set F; and a ji — A§ closed set F, such that X = F; U
F,,x€F,,y€EF,, x¢&F,, y&F,. Therefore, x € X\F,
U€ji—Ay(X1y,1,) and y € X\F, =V €ij — A{(X, T4, T,)
which implies that ij — €25 ({x}) € U, ji — ¢’ ({y}) €V and
UNV = ¢. Hence (X, 14, T,) is pairwise A5 — Ry.
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