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Abstract - The aim of this paper is to introduce the concept 

of 𝒊𝒋 − 𝚲𝛅
𝐬  open sets and associated closure operator in 

bitopological spaces and we study some of the fundamental 

properties of such sets. Also we shall introduce the notions of 

pairwise 𝚲𝛅
𝐬 − 𝐓𝒊  and pairwise 𝚲𝛅

𝐬 − 𝐑𝒊  bitopological spaces for 

𝒊 = 𝟎,𝟏, 𝟐 and investigate their properties.  

Key words: 𝒊𝒋 –  𝜹  open set, 𝒊𝒋 −  𝜹  semi open set, 𝒊𝒋 − 𝜦𝜹
𝒔  

open set, pairwise 𝜦𝜹
𝒔 − 𝑻𝟎 , pairwise 𝜦𝜹

𝒔 − 𝑻𝟏 , pairwise 𝜦𝜹
𝒔 − 𝑻𝟐 , 

pairwise 𝜦𝜹
𝒔 − 𝑹𝟎, pairwise 𝜦𝜹

𝒔 − 𝑹𝟏.  
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I.  INTRODUCTION 

In topology, the class of generalized Λ-sets studied by 

Maki in [16] and defined the associated closure operator 𝐶Λ .                   

El-Sharkasy [9] studied the concept of Λα − sets and the 

associated topology TΛα . Caldas et al.[4,5] introduced the 

concept Λδ
s − sets (resp. Vδ

s −  sets) in topological spaces, 

which is the intersection of δ − semiopen (resp. union of δ − 

semiclosed) sets. Khedr and Al-saadi [15] introduced and 

studied the concept of ij-sΛ -semi θ-closed and pairwise θ-

generalized sΛ-set in bitopological spaces, which is an 
extension of the class of generalized Λ-sets. Ghareeb and Noiri 

[10] introduced the concept of Λ - Generalized closed sets in 

bitopological spaces. In 2006, Caldas et al. [6] introduced the 

notions of Λδ − T0 , Λδ − T1 , Λδ − R0  and Λδ − R1  in  

bitopological spaces. Quite recently, Edward Samuel and 

Balan [8] studied the concept of  Λδ
s − Sets in bitopological 

spaces.   

The purpose of this paper is to continue research along 
these directions but this time by utilizing 𝑖𝑗 − Λδ

s  open sets. In 
this paper, we introduce 𝑖𝑗 − Λδ

s  open sets and associated 
closure operator in bitopological spaces and we study some of 
their fundamental properties. Also, we introduce the notions of 
Λδ

s − T0 , Λδ
s − T1 , Λδ

s − T2 , Λδ
s − R0 , Λδ

s − R1  bitopological 
spaces and the major properties of this new concept will be 
studied.  

II.  PRELIMINARIES 

Throughout the present paper, (𝑋, 𝜏1 , 𝜏2 )  (or briefly X) 
always mean a bitopological space. Also 𝑖, 𝑗 =  1, 2 and 𝑖 ≠
 𝑗 . Let 𝐴  be a subset of (𝑋, 𝜏1 , 𝜏2 ) . By 𝑖 − 𝑖𝑛𝑡(𝐴)  and 𝑖 −
𝑐𝑙(𝐴), we mean respectively the interior and the closure of 𝐴 
in the topological space (𝑋, 𝜏𝑖) for 𝑖 =  1, 2. A subset A of X 
is called 𝑖𝑗 − regular open [12] if 𝐴 = 𝑖 −  𝑖𝑛𝑡[𝑗 − 𝑐𝑙 𝐴 ]. A 
point x of X is called an 𝑖𝑗 −  𝛿 − cluster point of A if  
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𝑖 − 𝐼𝑛𝑡(𝑗 − 𝐶𝑙(𝑈))  ∩  𝐴 ≠ 𝜙  for every 𝜏𝑖 − open set U 
containing  x.        

 

The set of all 𝑖𝑗 −  𝛿 − cluster points of A is called the  𝑖𝑗 −
 𝛿 −  closure of A and is denoted by 𝑖𝑗 − 𝛿𝐶𝑙(𝐴).   

Definition 2.1[13] A subset A is said to be 𝑖𝑗 −  𝛿 closed if 
𝑖𝑗 − 𝛿𝑐𝑙 𝐴 = 𝐴. The complement of  𝑖𝑗 −  𝛿 closed set is said 
to be 𝑖𝑗 −  𝛿  open. The set of all 𝑖𝑗 −  𝛿  open (resp. 𝑖𝑗 −  𝛿 
closed) sets of X will be denoted by 𝑖𝑗 −  𝛿O(X)( resp. 𝑖𝑗 −
 𝛿C(X)). 

Definition 2.2[7] A subset A of a bitopological space 
 𝑋, 𝜏1 , 𝜏2  is called 𝑖𝑗 −  𝛿 semi open if there exists an 𝑖𝑗 −  𝛿 
open set U such that 𝑈 ⊆ 𝐴 ⊆ 𝑗 − 𝑐𝑙 𝑈 .  

Definition 2.3[8] For a subset A of a bitopological space 

 𝑋, 𝜏1 , 𝜏2 , we define 𝐴𝛿𝑠Λ 𝑖𝑗  and 𝐴𝛿𝑠V 𝑖𝑗  as follows, 𝐴𝛿𝑠Λ 𝑖𝑗 = ∩
 {U: A ⊆ U, U ∈  𝑖𝑗 − 𝛿SO(X)}  and 𝐴𝛿𝑠V 𝑖𝑗 = ∪ {U: U ⊆
 A, UC ∈  𝑖𝑗 − 𝛿SO(X)}. 

Definition 2.4[8] A subset A of a bitopological space 
 𝑋, 𝜏1 , 𝜏2  is called, 

(a)  𝑖𝑗 − Λδ
s  set if 𝐴 = 𝐴𝛿𝑠Λ 𝑖𝑗 .  

(b) 𝑖𝑗 − Vδ
s set if  𝐴 = 𝐴𝛿𝑠V 𝑖𝑗 . 

The family of all 𝑖𝑗 − Λδ
s  sets (resp. 𝑖𝑗 − Vδ

s ) is denoted by 

𝑖𝑗 − Λδ
s  𝑋, 𝜏1 , 𝜏2  (resp. 𝑖𝑗 − Vδ

s 𝑋, 𝜏1 , 𝜏2 ). 

III.   𝑖𝑗 − Λδ
s  CLOSURE OPERATOR 

Definition 3.1 Let A be a subset of a bitopological space 
 𝑋, 𝜏1 , 𝜏2 ,  

(a) A is called a 𝑖𝑗 − Λδ
s  closed set if 𝐴 =  𝑇 ∩  𝐶, where 

T is a 𝑖𝑗 − Λδ
s  set and C is a 𝑗𝑖 − δ  semi closed set. The 

complement of a 𝑖𝑗 − Λδ
s  closed set is called 𝑖𝑗 − Λδ

s  open. The 

family of all 𝑖𝑗 − Λδ
s  open sets and 𝑖𝑗 − Λδ

s  closed sets are 

denoted by 𝑖𝑗 − Λδ
s O 𝑋, 𝜏1 , 𝜏2  and 𝑖𝑗 − Λδ

s C 𝑋, 𝜏1 , 𝜏2 .  

(b) A point x ∈  X, τ1 , τ2  is called a 𝑖𝑗 − 𝛬𝛿
𝑠  cluster point 

of A if for every 𝑖𝑗 − Λδ
s  open set U of  X, τ1 , τ2  containing 𝑥, 

𝐴 ∩  𝑈 ≠  𝜙. The set of all 𝑖𝑗 − Λδ
s  cluster points is called the 

𝑖𝑗 − Λδ
s  closure of A and is denoted by 𝑖𝑗 − 𝐶Λδ

s
(𝐴).  

 Theorem 3.2 Let A, B and {𝐵𝛼 , 𝛼 ∈ 𝐽}  be subsets of a 

bitopological space  X, τ1 , τ2 . For 𝑖𝑗 − Λδ
s  closure, the 

following properties hold, 

(a) 𝐴 ⊆ 𝑖𝑗 − 𝐶Λδ
s

(𝐴). 

(b) 𝑖𝑗 − 𝐶Λδ
s
 𝐴 = {𝑈: 𝐴 ⊆ 𝑈, 𝑈 ∈ 𝑖𝑗 − Λδ

s C 𝑋, 𝜏1 , 𝜏2 }. 

(c) If 𝐴 ⊆ 𝐵, then 𝑖𝑗 − 𝐶Λδ
s

(𝐴) ⊆ 𝑖𝑗 − 𝐶Λδ
s

(𝐵). I. *Corresponding author.  
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(d) 𝐴 is 𝑖𝑗 − Λδ
s  closed if and only if  𝐴 = 𝑖𝑗 − 𝐶Λδ

s
(𝐴). 

(e) 𝑖𝑗 − 𝐶Λδ
s

(𝐴) is 𝑖𝑗 − Λδ
s  closed. 

(f)  𝑖𝑗 − 𝐶Λδ
s
 𝐵𝛼 𝛼∈𝐽 = 𝑖𝑗 − 𝐶Λδ

s
( 𝐵𝛼𝛼∈𝐽 ). 

(g) 𝑖𝑗 − 𝐶Λδ
s
 𝑖𝑗 − 𝐶Λδ

s
 𝐴  = 𝑖𝑗 − 𝐶Λδ

s
(𝐴). 

Proof. (a), (b), (c), (e) Obvious. From the definition. 

(d) Obvious. From (a) and definition. 

(f) Suppose that there exists a point  x such that 𝑥 ∉ 𝑖𝑗 −

𝐶Λδ
s

( 𝐵𝛼𝛼∈𝐽 ) . Then, there exists a subset 𝑈 ∈ 𝑖𝑗 −
Λδ

s  𝑋, 𝜏1 , 𝜏2  such that  𝐵𝛼𝛼∈𝐽 ⊆ 𝑈 and 𝑥 ∉ 𝑈. Thus for each 

𝛼 ∈ 𝐽 , we have 𝑥 ∉ 𝑖𝑗 − 𝐶Λδ
s

(𝐵𝛼) . Thus implies that 𝑥 ∉

 𝑖𝑗 − 𝐶Λδ
s
 𝐵𝛼 𝛼∈𝐽 . 

Conversely, we suppose that there exists a point  𝑥 ∈  𝑋 such 

that 𝑥 ∉  𝑖𝑗 − 𝐶Λδ
s
 𝐵𝛼 𝛼∈𝐽 . Then, there exist subsets 

𝑈𝛼 ∈ 𝑖𝑗 − Λδ
s  𝑋, 𝜏1 , 𝜏2  for each 𝛼 ∈ 𝐽  such that 𝑥 ∉ 𝑈𝛼  and 

𝐵𝛼 ⊆ 𝑈𝛼 . Let 𝑈 =  𝑈𝛼𝛼∈𝐽 , we have 𝑥 ∉ 𝑈 ,  𝐵𝛼𝛼∈𝐽 ⊆ 𝑈𝛼  

and 𝑈 ∈ 𝑖𝑗 − Λδ
s  𝑋, 𝜏1 , 𝜏2 . Thus 𝑥 ∉ 𝑖𝑗 − 𝐶Λδ

s
( 𝐵𝛼𝛼∈𝐽 ).  

(g) Suppose that there exists a point  𝑥 ∈  𝑋  such that 

𝑥 ∉ 𝑖𝑗 − 𝐶Λδ
s
 𝐴 . Then there exists a subset 𝑈 ∈ 𝑖𝑗 −

Λδ
s  𝑋, 𝜏1 , 𝜏2  such that 𝑥 ∉ 𝑈  and 𝑈 ⊇ 𝐴 . Since 𝑈 ∈ 𝑖𝑗 −

Λδ
s  𝑋, 𝜏1 , 𝜏2  we have 𝑖𝑗 − 𝐶Λδ

s
 𝐴 ⊆ 𝑈 . Thus we have 

𝑥 ∉ 𝑖𝑗 − 𝐶Λδ
s
 𝑖𝑗 − 𝐶Λδ

s
 𝐴  . Therefore 𝑖𝑗 − 𝐶Λδ

s
 𝑖𝑗 −

𝐶Λδ
s
 𝐴  ⊆ 𝑖𝑗 − 𝐶Λδ

s
 𝐴 .     

Theorem 3.3 Let A be a subset of a bitopological space 
 X, τ1 , τ2 , then following are hold, 

(a) If 𝐴𝛼  is 𝑖𝑗 − Λδ
s  closed sets for each 𝛼 ∈ 𝐽 , then 

 𝑈𝛼𝛼∈𝐽  is 𝑖𝑗 − Λδ
s  closed. 

(b) If 𝐴𝛼  is 𝑖𝑗 − Λδ
s  open sets for each 𝛼 ∈ 𝐽 , then 

 𝑈𝛼𝛼∈𝐽  is 𝑖𝑗 − Λδ
s  open. 

Proof. Obvious. 

Definition 3.4 Let A be a subset of a bitopological space 
 X, τ1 , τ2 , then the 𝑖𝑗 − Λδ

s  kernel of A, denoted by 𝑖𝑗 −
Λδ

s Ker(A)  is defined to be the set 𝑖𝑗 − Λδ
s Ker A =  { U ∈

𝑖𝑗 − Λδ
s O 𝑋, 𝜏1 , 𝜏2 ∶ A ⊆ U }. 

Theorem 3.5 For any two subsets A and B of a bitopological 
space  X, τ1 , τ2 , 

(a) If 𝐴 ⊆ 𝐵, then 𝑖𝑗 − Λδ
s Ker(A) ⊆ 𝑖𝑗 − Λδ

s Ker(A). 

(b) 𝑖𝑗 − Λδ
s Ker 𝑖𝑗 − Λδ

s Ker(A) = 𝑖𝑗 − Λδ
s Ker(A). 

Proof.  Obvious. 

Theorem 3.6 For any two points 𝑥 and 𝑦 of a bitopological 
space  X, τ1 , τ2 , 𝑦 ∈ 𝑖𝑗 − Λδ

s Ker({x}) if and only if 𝑥 ∈ 𝑖𝑗 −

𝐶Λδ
s

( 𝑦 ). 

Proof. Let 𝑦 ∉ 𝑖𝑗 − Λδ
s Ker({x}) . Then there exists a 𝑖𝑗 − Λδ

s  
open set U containing 𝑥  such that 𝑦 ∉ 𝑈 . Hence 𝑥 ∉ 𝑖𝑗 −

𝐶Λδ
s

( 𝑦 ). Similarly the converse is true. 

Theorem 3.7 If  X, τ1 , τ2  be a bitopological space and 𝐴 ⊂ 𝑋, 

then 𝑖𝑗 − Λδ
s Ker A = {𝑥 ∈ 𝑋: 𝑖𝑗 − 𝐶Λδ

s
( 𝑥 ) ∩ 𝐴 ≠ 𝜙}. 

Proof. Let 𝑥 ∈ 𝑖𝑗 − Λδ
s Ker(A) and suppose that 𝑖𝑗 −

𝐶Λδ
s

( 𝑥 ) ∩ 𝐴 = 𝜙 . Then 𝑥 ∉ 𝑋\𝑖𝑗 − 𝐶Λδ
s

( 𝑥 )  which is a 
𝑖𝑗 − Λδ

s open set containing A. This is impossible, since 

𝑥 ∈ 𝑖𝑗 − Λδ
s Ker(A) . Consequently, 𝑖𝑗 − 𝐶Λδ

s
( 𝑥 ) ∩ 𝐴 ≠ 𝜙 . 

Next, let 𝑥 ∈ 𝑋 such that 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ∩ 𝐴 ≠ 𝜙 and suppose 
that 𝑥 ∉ 𝑖𝑗 − Λδ

s Ker(A). Then there exists a 𝑖𝑗 − Λδ
s  open set U 

containing A and 𝑥 ∉ 𝑈. Let 𝑦 ∈ 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ∩ 𝐴. Hence U 
is a 𝑖𝑗 − Λδ

s  neigbourhood of y which does not contain 𝑥. By 

this contradiction 𝑥 ∈ 𝑖𝑗 − Λδ
s Ker(A).  

Definition 3.8 A bitopological space space  X, τ1 , τ2  is called,  

(a) pairwise Λδ
s − T0  if for each pair of distinct points in 𝑋, 

there is a 𝑖𝑗 − Λδ
s  open set containing one of the points but not 

the other. 

(b) pairwise Λδ
s − T1 if for each pair of distinct points 𝑥 and 𝑦 

in 𝑋, there is a 𝑖𝑗 − Λδ
s  open 𝑈 in 𝑋 containing 𝑥 but not 𝑦 and 

a 𝑗𝑖 − Λδ
s  open set 𝑉 in 𝑋 containing 𝑦 but not 𝑥. 

(c) pairwise Λδ
s − T2 if for each pair of distinct points 𝑥 and 𝑦 

in 𝑋, there exist a 𝑖𝑗 − Λδ
s  open set 𝑈 and 𝑗𝑖 − Λδ

s  open set 𝑉 
such that 𝑥 ∈ 𝑈, 𝑦 ∈ 𝑉 and 𝑈 ∩ 𝑉 =  𝜙. 

Remark 3.9 If a bitopological space space  X, τ1 , τ2  is 
pairwise Λδ

s − T𝑖 , then it is pairwise Λδ
s − T𝑖−1, 𝑖 =  1, 2. 

Theorem 3.10 A bitopological space space  X, τ1 , τ2  is 
pairwise Λδ

s − T0 if and only if for each pair of distinct points 

𝑥, 𝑦 of 𝑋, 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ≠ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ). 

Proof. Suppose that 𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦 and 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ≠ 𝑗𝑖 −

𝐶Λδ
s

( 𝑦 ). Let 𝑧 be a point of 𝑋 such that 𝑧 ∈ 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) 

but 𝑧 ∉ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ). We claim that 𝑥 ∉ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ). For 

it, if 𝑥 ∈ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 )  then 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ⊆ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ) 

and this contradicts the fact that 𝑧 ∉ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ) . 

Consequently, 𝑥 ∈ 𝑗𝑖 − Λδ
s 𝑂 X, τ1 , τ2 , [𝑗𝑖 − 𝐶Λδ

s
  𝑦  ]𝐶   to 

which 𝑦 does not belong. 

Conversely, Let  X, τ1 , τ2  be a pairwise Λδ
s − T0  space and 

𝑥, 𝑦 be any two distinct points of 𝑋 . There exists a 𝑖𝑗 − Λδ
s  

open set 𝐺  containing 𝑥 or 𝑦 , say 𝑥 but not 𝑦. Then 𝐺𝐶  is a 

𝑖𝑗 − Λδ
s  closed set which does not contain 𝑥  but contains 𝑦 . 

Since 𝑗𝑖 − 𝐶Λδ
s
  𝑦   is the smallest 𝑗𝑖 − Λδ

s  closed set 

containing 𝑦, 𝑗𝑖 − 𝐶Λδ
s
  𝑦  ⊆ 𝐺𝐶 , and so 𝑥 ∉ 𝑗𝑖 − 𝐶Λδ

s
( 𝑦 ). 

Consequently, 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) ≠ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ).  

Theorem 3.11 A bitopological space  X, τ1 , τ2  is pairwise 
Λδ

s − T1 if and only if the singletons are 𝑖𝑗 − Λδ
s  closed sets. 

Proof. Suppose that  X, τ1 , τ2  is pairwise Λδ
s − T1  and 𝑥  be 

any point of 𝑋. Let 𝑦 ∈ {𝑥}𝐶 . Then 𝑥 ≠ 𝑦 and so there exists a 

𝑖𝑗 − Λδ
s  open set 𝑈𝑦  such that 𝑦 ∈ 𝑈𝑦  but 𝑥 ∉ 𝑈𝑦 . 

Consequently, 𝑦 ∈ 𝑈𝑦 ⊆ {𝑥}𝐶  i.e., {𝑥}𝐶 =  { 𝑈𝑦 ∶ 𝑦 ∈ {𝑥}𝐶} 
which is 𝑖𝑗 − Λδ

s  open. 

Conversely, suppose that {𝑝} is 𝑖𝑗 − Λδ
s  closed for every 𝑝 ∈

𝑋 . Let 𝑥, 𝑦 ∈ 𝑋  with ≠ 𝑦  . Now 𝑥 ≠ 𝑦  implies 𝑦 ∈ {𝑥}𝐶 . 

Hence {𝑥}𝐶  is a 𝑖𝑗 − Λδ
s  open set containing 𝑦  but not 

containing 𝑥. Similarly {𝑦}𝐶  is a 𝑗𝑖 − Λδ
s  open set containing 𝑥 

but not 𝑦. Therefore,  X, τ1 , τ2  is a pairwise Λδ
s − T1 space.  

Definition 3.12 A bitopological space  X, τ1 , τ2  is pairwise 

Λδ
s −  symmetric if for 𝑥  and 𝑦  in 𝑋 , 𝑥 ∈ 𝑗𝑖 − 𝐶Λδ

s
( 𝑦 )  

implies 𝑦 ∈ 𝑗𝑖 − 𝐶Λδ
s

( 𝑥 ).  

Definition 3.13 A subset 𝐴 of a bitopological space  X, τ1 , τ2  

is called a 𝑖𝑗 − Λδ
s  generalized closed set (briefly 𝑖𝑗 − Λδ

s − g 
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closed) if 𝑗𝑖 − 𝐶Λδ
s

(𝐴) ⊆ 𝑈  whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑖𝑗 − Λδ
s  

open. 

Theorem 3.14 Every 𝑖𝑗 − Λδ
s  closed set is 𝑖𝑗 − Λδ

s − g closed. 

Remark 3.15 The converse of above theorem is not true in 
general. 

Theorem 3.16 A bitopological space  X, τ1 , τ2  is pairwise 

Λδ
s − symmetric if and only if {𝑥}  is 𝑖𝑗 − Λδ

s − g  closed for 
each 𝑥 ∈ 𝑋. 

Proof. Assume that 𝑥 ∈ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ) but 𝑦 ∉ 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ). 

This implies that the [𝑖𝑗 − 𝐶Λδ
s
  𝑥  ]𝐶  contains 𝑦. Therefore, 

the set  𝑦  is a subset of [𝑖𝑗 − 𝐶Λδ
s
  𝑥  ]𝐶 . This implies that 

𝑗𝑖 − 𝐶Λδ
s

( 𝑦 )  is a subset of [𝑖𝑗 − 𝐶Λδ
s
  𝑥  ]𝐶 . Now [𝑖𝑗 −

𝐶Λδ
s
  𝑥  ]𝐶  contains 𝑥 which is a contradiction. 

Conversely, suppose that  𝑥 ⊆ 𝑈 ∈ 𝑖𝑗 − Λδ
s 𝑂 X, τ1 , τ2 , but 

𝑖𝑗 − 𝐶Λδ
s

( 𝑥 )  is not a subset of 𝑈 . This means that 𝑖𝑗 −

𝐶Λδ
s

( 𝑥 )  and 𝑈𝐶  are not disjoint. Let 𝑦 ∈ 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩

(𝑋\𝑈). Now we have 𝑥 ∈ 𝑗𝑖 − 𝐶Λδ
s

( 𝑦 ) which is a subset of 
𝑈𝐶 and 𝑥 ∉ 𝑈. This is a contradiction.   

Theorem 3.17 If a bitopological space  X, τ1 , τ2  is pairwise 
Λδ

s − T1 space, then it is pairwise 

Λδ
s − symmetric. 

Proof. In a pairwise Λδ
s − T1 space, singleton sets are 𝑖𝑗 − Λδ

s  
closed and Therefore, 𝑖𝑗 − Λδ

s − g  closed. By theorem 3.16, 
 X, τ1 , τ2  is pairwise Λδ

s − symmetric.  

Theorem 3.18 For a bitopological space  X, τ1 , τ2  the 
following are equivalent: 

(a)  X, τ1 , τ2  is pairwise Λδ
s −  symmetric and pairwise 

Λδ
s − T0. 

(b)  X, τ1 , τ2  is pairwise Λδ
s − T1. 

Proof. (a) ⟹ (b) Let 𝑥 ≠ 𝑦  and by pairwise Λδ
s − T0 , by 

remark 3.9 we may assume that 𝑥 ∈ 𝑈1 ⊆ {𝑦}𝐶  for some 

𝑈1 ∈ 𝑖𝑗 − Λδ
s O X, τ1 , τ2 . Then 𝑥 ∉ 𝑗𝑖 − 𝐶Λδ

s
( 𝑦 ). Therefore, 

by the definition of pairwise Λδ
s −  symmetric, we have 

𝑦 ∉ 𝑖𝑗 − 𝐶Λδ
s

( 𝑥 ) . There exists a 𝑈2 ∈ 𝑗𝑖 − Λδ
s O X, τ1 , τ2  

such that 𝑦 ∈ 𝑈2 ⊆  𝑥 𝐶 . Therefore,  X, τ1 , τ2  is a pairwise 

Λδ
s − T1 space.    

Theorem 3.19 For a pairwise Λδ
s −  symmetric space 

 X, τ1 , τ2  the following are equivalent: 

(1)  X, τ1 , τ2  is pairwise Λδ
s − T0. 

(2)  X, τ1 , τ2  is pairwise Λδ
s − T1. 

Proof. (1) ⟹ (2) Obvious. From theorem 3.18.   

(2) ⟹ (1)  Obvious. From Remark 3.9.    

 

IV.   PAIRWISE Λδ
s − R0 SPACES 

Definition 4.1 A bitopological space  X, τ1 , τ2  is a pairwise 
Λδ

s − R0  if for each 𝑖𝑗 − Λδ
s  open set U, 𝑥 ∈ 𝑈  implies 

𝑗𝑖 − 𝐶Λδ
s

( 𝑥 ) ⊆ 𝑈. 

Theorem 4.2 In a bitopological space  X, τ1 , τ2 , the following 
statements are equivalent: 

(a)  X, τ1 , τ2  is pairwise Λδ
s − R0. 

(b) for any 𝑖𝑗 − Λδ
s  closed set 𝐺 and a point 𝑥 ∉ 𝐺, there exists 

𝑈 ∈ 𝑗𝑖 − Λδ
s O X, τ1 , τ2  such that 𝑥 ∉ 𝑈 and 𝐺 ⊆ 𝑈. 

(c) for any 𝑖𝑗 − Λδ
s  closed set 𝐺  and 𝑥 ∉ 𝐺 , then 𝑗𝑖 −

𝐶Λδ
s
  𝑥  ∩ 𝐺 = 𝜙. 

Proof. (a) ⟹ (b): Let 𝐺  be a 𝑖𝑗 − Λδ
s  closed set and 𝑥 ∉ 𝐺 . 

Then by (a), 𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆ 𝑋\𝐺. Let 𝑈 = 𝑋\𝑗𝑖 − 𝐶Λδ

s
  𝑥  , 

then 𝑈 ∈ 𝑗𝑖 − Λδ
s O X, τ1 , τ2  and also 𝐺 ⊆ 𝑈 and 𝑥 ∉ 𝑈. 

(b) ⟹ (c): Let 𝐺  be a 𝑖𝑗 − Λδ
s  closed set and a point 𝑥 ∉ 𝐺 . 

Then by (b), there exists 𝑈 ∈ 𝑗𝑖 − Λδ
s O X, τ1 , τ2  such that 

𝐺 ⊆ 𝑈  and  𝑥 ∉ 𝑈 . Since 𝑈 ∈ 𝑗𝑖 − Λδ
s O X, τ1 , τ2 , 𝑈 ∩  𝑗𝑖 −

𝐶Λδ
s
  𝑥  = 𝜙. Then ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑥  = 𝜙 . 

(c) ⟹ (a): Let 𝐺 ∈ 𝑖𝑗 − Λδ
s O X, τ1 , τ2  and 𝑥 ∈ 𝐺. Now 𝑋\𝐺 is 

𝑖𝑗 − Λδ
s  closed and 𝑥 ∉ 𝑋\𝐺  x. By (c), 𝑗𝑖 − 𝐶Λδ

s
  𝑥  ∩

(𝑋\G) = 𝜙  and hence 𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆ 𝐺 . Therefore, 

 X, τ1 , τ2  is pairwise Λδ
s − R0.      

Theorem 4.3 A bitopological space  X, τ1 , τ2  is pairwise 

Λδ
s − R0 if and only if for each pair 𝑥, 𝑦 of distinct points in 

𝑋 ,  𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  = 𝜙  or  𝑥, 𝑦 ⊆ 𝑖𝑗 −

𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  . 

Proof. Let  X, τ1 , τ2  be pairwise Λδ
s − R0 . Suppose that 

𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  ≠ 𝜙  and  𝑥, 𝑦 ⊈ 𝑖𝑗 −

𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  . Let 𝑝 ∈ 𝑖𝑗 − 𝐶Λδ

s
  𝑥  ∩  𝑗𝑖 −

𝐶Λδ
s
  𝑦   and 𝑥 ∉ 𝑖𝑗 − 𝐶Λδ

s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  . Then 

𝑥 ∉ 𝑗𝑖 − 𝐶Λδ
s
  𝑦   and 𝑥 ∈ 𝑋\𝑗𝑖 − 𝐶Λδ

s
  𝑦  ∈ 𝑗𝑖 −

Λδ
s O X, τ1 , τ2 . But 𝑖𝑗 − 𝐶Λδ

s
  𝑥   is not a subset of 𝑋\𝑗𝑖 −

𝐶Λδ
s
  𝑦  , this is a contradiction. Hence for each pair 𝑥, 𝑦 of 

distinct points in 𝑋 , 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  = 𝜙  or 

 𝑥, 𝑦 ⊆ 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦  . 

Conversely, let 𝑈 be a 𝑖𝑗 − Λδ
s  open set and 𝑥 ∈ 𝑈. Suppose 

that 𝑗𝑖 − 𝐶Λδ
s
  𝑥   is not a subset of 𝑈 . So there is a point 

𝑦 ∈ 𝑗𝑖 − 𝐶Λδ
s
  𝑥   such that 𝑦 ∉ 𝑈 and −𝐶Λδ

s
  𝑥  ∩  𝑈 = 𝜙 . 

Since 𝑋\𝑈  is 𝑖𝑗 − Λδ
s  closed and 𝑦 ∈ 𝑋\𝑈 . Hence  𝑥, 𝑦 ⊈

𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩  𝑗𝑖 − 𝐶Λδ

s
  𝑦   and thus 𝑖𝑗 − 𝐶Λδ

s
  𝑥  ∩  𝑗𝑖 −

𝐶Λδ
s
  𝑦  ≠ 𝜙.  

Theorem 4.4 In a bitopological space  X, τ1 , τ2 , the following 
statements are equivalent: 

(1)  X, τ1 , τ2  is pairwise Λδ
s − R0. 

(2) For any 𝑥 ∈ 𝑋, 𝑖𝑗 − 𝐶Λδ
s
  𝑥  = 𝑗𝑖 − Λδ

s Ker  𝑥  .  

(3) For any 𝑥 ∈ 𝑋, 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ⊆ 𝑗𝑖 − Λδ

s Ker  𝑥  . 

(4) For any 𝑥, 𝑦 ∈ 𝑋, 𝑦 ∈ 𝑖𝑗 − 𝐶Λδ
s
  𝑥   if and only if 𝑥 ∈ 𝑗𝑖 −

𝐶Λδ
s
  𝑦  .  

(5) For any 𝑖𝑗 − Λδ
s  closed set 𝐹 , 𝐹 =  { 𝐺: 𝐺 is  a 𝑖𝑗 −

Λδ
s  open set and F ⊆ G}. 

(6) For any 𝑖𝑗 − Λδ
s  open set 𝐺 , 𝐺 =  { 𝐹: 𝐹 is  a 𝑖𝑗 −

Λδ
s  closed set and F ⊆ G}.  
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(7) For every 𝐴 ≠ 𝜙  and each 𝐺 ∈ 𝑖𝑗 − Λδ
s O X, τ1 , τ2  such 

that 𝐴 ∩ 𝐺 ≠ 𝜙, there exists a 𝑗𝑖 − Λδ
s  closed set 𝐹  such that 

𝐹 ⊆ 𝐺 and 𝐴 ∩ 𝐹 ≠ 𝜙. 

Proof. (1) ⟹ (2) Let 𝑥, 𝑦 ∈ 𝑋. Then by theorem 3.6 and 4.3, 

𝑦 ∈ 𝑗𝑖 − Λδ
s Ker  𝑥  , implies 𝑥 ∈ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  , 𝑦 ∈ 𝑖𝑗 −

𝐶Λδ
s
  𝑥  . Hence 𝑖𝑗 − 𝐶Λδ

s
  𝑥  = 𝑗𝑖 − Λδ

s Ker  𝑥  .  

(2) ⟹ (3) Obvious. 

(3) ⟹  (4) For any 𝑥, 𝑦 ∈ 𝑋 , if 𝑦 ∈ 𝑖𝑗 − 𝐶Λδ
s
  𝑥  , then 

𝑦 ∈ 𝑗𝑖 − Λδ
s Ker  𝑥   by (3). Then by theorem 3.6, 𝑥 ∈ 𝑗𝑖 −

𝐶Λδ
s
  𝑦  . Similarly the converse.  

(4) ⟹  (5) Let 𝐹  be a 𝑖𝑗 − Λδ
s  closed set and 𝐻 =

 { 𝐺: 𝐺 is  a 𝑗𝑖 − Λδ
s  open set and F ⊆ G}. . Clearly 𝐹 ⊆ 𝐻 . 

Let 𝑥 ∉ 𝐹. Then for any 𝑦 ∈ 𝐹, we have that 𝑖𝑗 − 𝐶Λδ
s
  𝑦  ⊆

𝐹 . Hence follows that 𝑥 ∉ 𝑖𝑗 − 𝐶Λδ
s
  𝑦  . Now by (4), 

𝑦 ∉ 𝑗𝑖 − 𝐶Λδ
s
  𝑥  . There exists a 𝑗𝑖 − Λδ

s  open set 𝐺𝑦  such 

that 𝑦 ∈ 𝐺𝑦  and 𝑥 ∉ 𝐺𝑦 . Let 𝐺 =  {𝑦∈𝐹 𝐺𝑦 ∶  𝐺𝑦  is a 𝑗𝑖 −
Λδ

s  open set, 𝑦 ∈ 𝐺𝑦and 𝑥 ∉ 𝐺𝑦}. Thus, there exists a 𝑗𝑖 − Λδ
s  

open set 𝐺  such that 𝑥 ∉ 𝐺  and 𝐹 ⊆ 𝐺 . Hence, 𝑥 ∉ 𝐻 . 
Therefore, 𝐹 =  𝐻.  

(5) ⟹ (6) Obvious. 

(6) ⟹  (7) Let 𝐴 ≠ 𝜙  and 𝐺  be a 𝑖𝑗 − Λδ
s  open set and 𝑥 ∈

𝐴 ∩ 𝐺 . By (6), 𝐺 =  { 𝐹: 𝐹 is  a 𝑖𝑗 − Λδ
s  closed set and F ⊆

G}.  It follows that there is a 𝑖𝑗 − Λδ
s  closed set 𝐹  such that 

𝑥 ∈ 𝐴 ⊆ 𝐺. Hence 𝐴 ∩ 𝐹 ≠ 𝜙.  

(7)  ⟹  (1) Let 𝐺  be a 𝑖𝑗 − Λδ
s  open set and 𝑥 ∈ 𝐺 , then 

 𝑥 ∩ 𝐺 ≠ 𝜙. Therefore by (7), there exists a 𝑗𝑖 − Λδ
s  closed 𝐹 

such that 𝑥 ∈ 𝐹 ⊆  𝐺  and  𝑥 ∩ 𝐹 ≠ 𝜙 , which implies 

𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆  𝐺. Therefore,  X, τ1 , τ2  is pairwise Λδ

s − R0. 

Theorem 4.5 In a bitopological space  X, τ1 , τ2 , the following 
properties are equivalent: 

(1)  X, τ1 , τ2  is pairwise Λδ
s − R0. 

(2) For any 𝑖𝑗 − Λδ
s  closed set 𝐹 ⊂ 𝑋, 𝐹 = 𝑗𝑖 − Λδ

s 𝐾𝑒𝑟(𝐹).  

(3) For any 𝑖𝑗 − Λδ
s  closed set 𝐹 ⊂ 𝑋  and 𝑥 ∈ 𝐹 , 𝑗𝑖 −

Λδ
s 𝐾𝑒𝑟({𝑥}) ⊆ 𝐹. 

 (4) For any 𝑥 ∈ 𝑋, 𝑗𝑖 − Λδ
s 𝐾𝑒𝑟({𝑥}) ⊆ 𝑖𝑗 − 𝐶Λδ

s
  𝑥  . 

Proof. (1) ⟹ (2) Let F be 𝑖𝑗 − Λδ
s  closed and 𝑥 ∉ 𝐹 . Then 

𝑋\𝐹 is 𝑖𝑗 − Λδ
s  open containing x. Since  X, τ1 , τ2  is pairwise 

Λδ
s − R0 , 𝑗𝑖 − 𝐶Λδ

s
  𝑥  ⊆ 𝑋\𝐹 . Therefore, 𝑗𝑖 − 𝐶Λδ

s
  𝑥  ∩

𝐹 = 𝜙  and by theorem 3.7, 𝑥 ∉ 𝑗𝑖 − Λδ
s 𝐾𝑒𝑟(𝐹) . Hence 

𝐹 = 𝑗𝑖 − Λδ
s 𝐾𝑒𝑟(𝐹).  

(2) ⟹ (3) Let 𝐹  be a 𝑖𝑗 − Λδ
s  closed set containing 𝑥 . Then 

 𝑥 ⊆ 𝐹  and 𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆ 𝑗𝑖 − Λδ

s 𝐾𝑒𝑟(𝐹) . From (2), it 

follows that 𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆ 𝐹.  

(3)  ⟹  (4) Since 𝑥 ∈ 𝑖𝑗 − 𝐶Λδ
s
  𝑥   and 𝑖𝑗 − 𝐶Λδ

s
  𝑥   is 

𝑖𝑗 − Λδ
s  closed in X, by (3) it follows that 𝑗𝑖 − Λδ

s 𝐾𝑒𝑟(𝐹) ⊆

𝑖𝑗 − 𝐶Λδ
s
  𝑥  .      

(4) ⟹ (1) Obvious. Proof follows from theorem 4.4.  

Remark 4.6 Let  X, τ1 , τ2  be a bitopolgical space. Then for 

each 𝑥 ∈ 𝑋, let                                      bi − Λδ
s   𝑥  = 12 −

𝐶Λδ
s
  𝑥  ∩ 21 − 𝐶Λδ

s
  𝑥  and bi − Λδ

s Ker  𝑥  = 12 −
Λδ

s 𝐾𝑒𝑟  𝑥  ∩ 21 − Λδ
s 𝐾𝑒𝑟  𝑥  .  

Theorem 4.7 If a bitopological space  X, τ1 , τ2  is pairwise 
Λδ

s − R0 then for each pair of distinct points 𝑥, 𝑦 ∈ 𝑋, either 

bi − Λδ
s   𝑥  = bi − Λδ

s   𝑦   or bi − Λδ
s   𝑥  ∩ bi −

Λδ
s   𝑦  = 𝜙. 

Proof. Let  X, τ1 , τ2  be a pairwise Λδ
s − R0  space. Suppose 

that bi − Λδ
s   𝑥  ≠ bi − Λδ

s   𝑦   and bi − Λδ
s   𝑥  ∩ bi −

Λδ
s   𝑦  ≠ 𝜙 . Let 𝑠 ∈ bi − Λδ

s   𝑥  ∩ bi − Λδ
s   𝑦   and 

𝑥 ∉ bi − Λδ
s   𝑦  = 12 − 𝐶Λδ

s
  𝑦  ∩ 21 − 𝐶Λδ

s
  𝑦  . Then 

𝑥 ∉ 𝑖𝑗 − 𝐶Λδ
s
  𝑦  . And 𝑥 ∈ 𝑋\𝑖𝑗 − 𝐶Λδ

s
  𝑦  ∈ 𝑖𝑗 −

Λδ
s O X, τ1 , τ2 . But 𝑗𝑖 − 𝐶Λδ

s
  𝑥   is not a subset of 𝑋\𝑖𝑗 −

𝐶Λδ
s
  𝑦   since 𝑠 ∈ bi − Λδ

s   𝑥  ∩ bi − Λδ
s   𝑦  . Thus 

 X, τ1 , τ2  is not a pairwise Λδ
s − R0  space which is a 

contradiction to our assumption. Hence we have either 

bi − Λδ
s   𝑥  = bi − Λδ

s   𝑦   or bi − Λδ
s   𝑥  ∩ bi −

Λδ
s   𝑦  = 𝜙. 

V.   PAIRWISE Λδ
s − R1 SPACES 

Definition 5.1 A bitopological space  X, τ1 , τ2  is said to be 

pairwise Λδ
s − R1  if for each 𝑥, 𝑦 ∈ 𝑋 , 𝑖𝑗 − 𝐶Λδ

s
  𝑥  ≠ 𝑗𝑖 −

𝐶Λδ
s
  𝑦  , there exist disjoint sets 𝑈 ∈ 𝑗𝑖 − Λδ

s O X, τ1 , τ2  and 

𝑉 ∈ 𝑖𝑗 − Λδ
s O X, τ1 , τ2  such that 𝑖𝑗 − 𝐶Λδ

s
  𝑥  ⊆ 𝑈  and 

𝑗𝑖 − 𝐶Λδ
s
  𝑦  ⊆ 𝑉. 

Theorem 5.2 If a bitopological space  X, τ1 , τ2  is pairwise 
Λδ

s − R1, then it is pairwise Λδ
s − R0. 

Proof. Suppose that  X, τ1 , τ2  is pairwise Λδ
s − R1. Let 𝑈 be a 

𝑖𝑗 − Λδ
s  open set and 𝑥 ∈ 𝑈. Then for each point 𝑦 ∈ 𝑋 \𝑈, 

𝑗𝑖 − 𝐶Λδ
s
  𝑥  ≠ 𝑖𝑗 − 𝐶Λδ

s
  𝑦  . Since  X, τ1 , τ2  is pairwise 

Λδ
s − R1, there exists a 𝑖𝑗 − Λδ

s  open set 𝑈𝑦  and a 𝑗𝑖 − Λδ
s  open 

set 𝑉𝑦  such that 𝑗𝑖 − 𝐶Λδ
s
  𝑥  ⊆ 𝑈𝑦 , 𝑖𝑗 − 𝐶Λδ

s
  𝑦  ⊆ 𝑉𝑦  and 

𝑈𝑦 ∩ 𝑉𝑦 = 𝜙. Let 𝐴 =  {𝑉𝑦 : 𝑦 ∈ 𝑋\𝑈}. Then 𝑋\𝑈 ⊆ 𝐴, 𝑥 ∉ 𝐴 

and 𝐴  is a 𝑗𝑖 − Λδ
s  open set. Therefore, 𝑗𝑖 − 𝐶Λδ

s
  𝑥  ⊆

𝑋\𝐴 ⊆ 𝑈. Hence  X, τ1 , τ2  is pairwise Λδ
s − R0.  

Theorem 5.3 A bitopological space  X, τ1 , τ2  is pairwise 
Λδ

s − R1 if and only if for every pair of points 𝑥 and 𝑦 of 𝑋 

such that 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ≠ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  , there exists a 

𝑖𝑗 − Λδ
s  open set 𝑈  and 𝑗𝑖 − Λδ

s  open set 𝑉  such that 𝑥 ∈ 𝑉 , 
𝑦 ∈ 𝑈 and 𝑈 ∩ 𝑉 = 𝜙. 

Proof. Suppose that  X, τ1 , τ2  is pairwise Λδ
s − R1. Let 𝑥, 𝑦 be 

points of 𝑋  such that 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ≠ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  . Then 

there exist a 𝑖𝑗 − Λδ
s  open set 𝑈 and a 𝑗𝑖 − Λδ

s  open set 𝑉 such 

that 𝑥 ∈ 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ⊆ 𝑉  and 𝑦 ∈ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  ⊆ 𝑈 . On 

the other hand, suppose that there exists a 𝑖𝑗 − Λδ
s  open set 𝑈 

and 𝑗𝑖 − Λδ
s  open set 𝑉  such that 𝑥 ∈ 𝑉 , 𝑦 ∈ 𝑈  and 𝑈 ∩ 𝑉 =

𝜙. Since every pairwise Λδ
s − R1  space is pairwise Λδ

s − R0 , 

𝑖𝑗 − 𝐶Λδ
s
  𝑥  ⊆ 𝑉  and 𝑗𝑖 − 𝐶Λδ

s
  𝑦  ⊆ 𝑈 . This completes 

the proof. 

Theorem 5.4 A pairwise Λδ
s − R0 space  X, τ1 , τ2  is pairwise 

Λδ
s − R1  if for each pair of points 𝑥  and 𝑦  of 𝑋  such that 

𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  = 𝜙 , there exist disjoint sets 

𝑈 ∈ 𝑖𝑗 − Λδ
s O X, τ1 , τ2  and 𝑉 ∈ 𝑗𝑖 − Λδ

s O X, τ1 , τ2   such that 
𝑥 ∈ 𝑈 and 𝑦 ∈ 𝑉. 

Proof.  It follows directly from definition 4.1 and theorem 4.7. 
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Theorem 5.5 In a bitopological space  X, τ1 , τ2 , the following 
statements are equivalent: 

(1)  X, τ1 , τ2  is pairwise Λδ
s − R1. 

(2) For any two distinct points 𝑥, 𝑦 ∈ 𝑋, 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ≠ 𝑗𝑖 −

𝐶Λδ
s
  𝑦   implies that there exist a 𝑖𝑗 − Λδ

s  closed set 𝐹1 and a 
𝑗𝑖 − Λδ

s  closed set 𝐹2 such that 𝑥 ∈ 𝐹1, 𝑦 ∈ 𝐹2 , 𝑥 ∉ 𝐹2 , 𝑦 ∉ 𝐹1 
and 𝑋 = 𝐹1 ∪ 𝐹2. 

Proof. (1) ⟹ (2) Suppose that  X, τ1 , τ2  is pairwise Λδ
s − R1. 

Let 𝑥, 𝑦 ∈ 𝑋  such that 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ≠ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  . By 

theorem 5.3, there exist disjoint sets 𝑉 ∈ 𝑖𝑗 − Λδ
s  X, τ1 , τ2  and 

𝑈 ∈ 𝑗𝑖 − Λδ
s  X, τ1 , τ2  such that 𝑥 ∈ 𝑈  and 𝑦 ∈ 𝑉 . Then 

𝐹1 = 𝑋\𝑉  is a 𝑖𝑗 − Λδ
s  closed set and 𝐹2 = 𝑋\𝑈  is a 𝑗𝑖 − Λδ

s  
closed set such that 𝑥 ∈ 𝐹1 , 𝑥 ∉ 𝐹2 , 𝑦 ∈ 𝐹2 , 𝑦 ∉ 𝐹1  and 
𝑋 = 𝐹1 ∪ 𝐹2. 

(2)  ⟹  (1) Let 𝑥, 𝑦 ∈ 𝑋  such that 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ≠ 𝑗𝑖 −

𝐶Λδ
s
  𝑦  . Hence for any two distinct points 𝑥, 𝑦  of 𝑋 , 

𝑖𝑗 − 𝐶Λδ
s
  𝑥  ∩ 𝑗𝑖 − 𝐶Λδ

s
  𝑦  = 𝜙 . Then by theorem 4.3, 

 X, τ1 , τ2  is pairwise Λδ
s − R0. By (2), there exists a 𝑖𝑗 − Λδ

s  

closed set 𝐹1  and a 𝑗𝑖 − Λδ
s  closed set 𝐹2  such that 𝑋 = 𝐹1 ∪

𝐹2 , 𝑥 ∈ 𝐹1 , 𝑦 ∈ 𝐹2 , 𝑥 ∉ 𝐹2 , 𝑦 ∉ 𝐹1 . Therefore, 𝑥 ∈ 𝑋\𝐹2 =
𝑈 ∈ 𝑗𝑖 − Λδ

s  X, τ1 , τ2  and 𝑦 ∈ 𝑋\𝐹1 = 𝑉 ∈ 𝑖𝑗 − Λδ
s  X, τ1 , τ2  

which implies that 𝑖𝑗 − 𝐶Λδ
s
  𝑥  ⊆ 𝑈, 𝑗𝑖 − 𝐶Λδ

s
  𝑦  ⊆ 𝑉 and 

𝑈 ∩ 𝑉 = 𝜙. Hence  X, τ1 , τ2  is pairwise Λδ
s − R0.  
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